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This TredtiSlg on the Doctrine of Limits is intended to 
tohtain all those portions of a mathematical course of reading 
which it appears desirable to recommend to students, as their 
employment during the second year of their residence in the 
University ; with the exception of the Elements of Mechanics, 
on ivhich I have published separate works. It will, I think, 
be found convenient to have this group of subjects thus 
brought together ; because it ihay not only save the trouble 
of reference to many books^ but may prevent the omissions 
and repetitions which occur when the system is made up of 
detached fragments ; and may secure that connexion and co- 
herence in the reasoning, which are often wanting when a 
number of different persons undertake to construct each his 
isection of the logical chain; 

But though these considerations appear to render such 
a work as the present desirable, they would probably not 
haVe been sufficient to induce me to encounter the labpur 
and difficulty of writing itj if I had not thought that it 
would illustrate and promote the genuine objects of the study 
of Mathematics as part of a University education. I have 
idready endeavoured to define those objects, and to extend 
our means of attaining them, and I will now make a few 
further remarks oti the subject, with a special reference to 
the present Treatise, 
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All exact knowledge supposes the mind to be able to 
apply, steadily and clearly, not only the processes of reasoning, 
but also certain fundamental ideas; and it is one main office 
of a liberal education to fix and develope these ideas. The 
ideas of Space and of Number are the subject matter of 
Geometry, of Arithmetic, and of Algebra in its character 
of Universal Arithmetic : and since all our knowledge, relative 
to the external world, must be subject to the conditions 
of space and number, the elementary portions of mathematics 
just mentioned are, rightly and necessarily, made the basis 
of all intellectual education. If we advance further in mathe- 
matical study, with the view of its thus serving as an inteU 
lectual discipline, what other ideas do we thus bring into 
activity and use ? I reply, that the main general ideas which 
we have next to introduce, and which consequently should 
be the governing principles of the studies of the second stage 
of a liberal education, are the following : — the mechanical ideas 
of Force and Body^ with their various modifications ; the idea 
of the Symmetry of symbolical expressions; — the idea of the 
Universal Interpretation of symbols, including as an import- 
ant branch of this, the Application of Algebra to Geometry ; — 
and the idea of a Limit, In the present volume, I trust 
there will be found exemplifications and applications of all 
these ideas, sufficient to form the basis of a system of study, 
such as our object requires ; although the consequences of the 
last of them, the Doctrine of Limits, form the leading subject 
of the book. 

It will be easily seen that, according to the course of study 
hitherto usually prevalent in this University, after the first 
year'^s studies are completed, all the ideas just noticed have been 
brought into use, although they may not always have been 
contemplated distinctly and separately. Mechanics has usually 
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been a prominent portion of the studies of the second year. 
Of the ideas which form the groundwork of this science, and 
of the mode in which they may be evolved into a scientific 
system, I have elsewhere given my views*. The idea of 
Symmetry is introduced when we consider the Symmetrical 
Functions of the Roots of Equations, and is thus the basis 
of the whole Theory of Equations : it is moreover of ex- 
tensive use and influence in the application of Algebra to 
Geometry. The Rules of Interpretation of Symbols are 
well exemplified by the investigations in which co-ordinates 
are used; and the principles of such rules, in their most 
general form, have of late years been exhibited in an able 
and striking manner "f. The Doctrine of Limits has usually 
been studied in its principles in the First Section of Newton's 
Principia ; and in its applications in the Second and Third 
Sections, and in the sequel to the student's progress, in the 
remainder of that immortal work. The idea of a Limit is 
also, as I have elsewhere shewn J, necessarily involved in 
every application of the Differential Calculus, whether to 
curves or to mechanical problems, ' And thus our course of 
study in the second year, in this University, has really been 
an intellectual discipline of a high order; exercising the 
student's mind to a definite apprehension and ready use of 
the abstruse and comprehensive ideas of which we have 
spoken ; and opening to him the large and rich storehouses 
of knowledge, of which these ideas supply the key. 

In the following work I have somewhat extended the 
usual domain of the Doctrine of Limits^ by including in it 
all those portions of Conic Sections which depend upon 
Tangents, and consequently all which concerns Conjugate 

* See The Mechanical Euclid. f See Professor Peacock's Algebra. 
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Diameters. It appears to me that no other satisfactory basii^ 
can be found for any part of our knowledge of curves (except 
so far as our propositions only refer to straight lines inter-^ 
cepted by the curves). The Axiom of Archimedes, as it is 
called, respecting the length of arcs of curves, cannot be 
rendered entirely satisfactory in any other manner, as I have 
elsewhere urged*. And although the usual negative Defini-^ 
tion of a Tangent may be made the foundation of the pro^ 
perties of some figures by reasoning ex absurdo; the direct 
proof which o£Pers itself when we define the tangent as the 
/ Limit of a line cutting in two points, resulting when the two 
become one, appears to be a more genuine demonstration. 

With this view I found it necessary to separate the pro^ 
perties of Conic Sections into two parts; the first part 
(Book I.) being independent of the idea of a limit, (which 
forms the subject of Book ii.) and, besides its being necessary 
to the proof of the following portions of my subject, serving 
to illustrate the ideas of Symbolical Symmetry, and Interpre-^ 
tation, and the use of Co-ordinates. The other part of the 
properties of Conic Sections (Book iii.) comes after the 
Doctrine of Limits, on which it depends; and besides its 
value in itself, supplies those propositions which are used 
in treating of Central Forces. (Book iv.) 

It thus happens, that my aim in writing a Treatise on 
Conic Sections has been di£Perent from that of most of those 
mathematicians who have preceded me in such an attempts 
Their object has in general been to render their work as 
homogeneous and symmetrical as possible. They have en- 
deavoured to produce a system which should be rigorously 
geometrical, with no taint of symbolical reasoning; or else 
one which should be purely analytical : and they have sought 

• On the Study of Mathematics. 
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to make the demonstrations for the ellipse and hyperbola 
correspond as exactly as possible. My aim has been to 
employ such demonstrations as should illustrate some prin- 
ciple or some process of extensive use; and hence I have 
sought variety rather than uniformity in the kind of proof. 
I have demonstrated algebraically the properties of Conic 
Sections^ which do not depend upon tangents; while I have 
given geometrical proofs of several other properties. I have 
deduced the property of the rectangles of oblique co-ordinates 
in the ellipse from the consideration of the circular projection 
of the ellipse; — a mode of considering the ellipse, which it 
is very useful for the student to be acquainted with: while 
in the hyperbola I have deduced the same proposition from 
the general proportionality of the segments of parallel lines ; 
— a property which is true of all the Conic Sections. Thus 
the equality of all the tangential parallelograms, in the 
ellipse and in the hyperbola, is connected with two quite 
different sets of properties in the two curves; although this 
identity of property results from a clear analogy of definition, 
^hich connection, by adopting another line of reasoning, 
might be brought into view. By the method which I have 
adopted, it appears to me that the subject of Conic Sections 
is rendered more compendious than it can otherwise be made. 

In Book IV, which contains the application of the Doctrine 
of Limits to the direct Problem of Central Forces, I have 
followed almost exactly the steps of Newton in the second and 
third Sections of the Frincipia. It appeared to me that little 
could be gained by any deviation, in the way of evidence or 
convenience : and the interest which belongs to these problems 
as features in the history of the greatest scientific discovery 
ever made, renders it desirable that the student should see 
the solutions in the form in which they came from the hand 
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of the great master, I have only modified them so*far as to 
obtain an equation instead of a proportion for the value of the 
force. I have, however, added to Newton's propositions a few 
others, which it is inconvenient to the student not to know. 

The Differential Calculus has, from the time of Dalembert, 
most commonly been treated as an application of the Idea of 
a Limit, as I have treated it in Book v. The attempt made 
by Lagrange to evade the use of this idea, however ingenious, 
is quite incapable of being realized, if this Calculus is to be 
employed in the solution of the problems which give it its 
meaning and value. The temporary favour which the project 
found in the eyes of some mathematicians, arose, as I con- 
ceive, from the persuasion that mathematical truths are ex- 
hibited in their most genuine shape when they are made to 
depend upon definitions alone; an opinion of which I hope 
I have made the falsity apparent*. I have endeavoured to 
avoid the incoherencies and defects which are often introduced 
in the attempts to develope the fundamental idea into a 
systematic Calculus. 

I have added a book (Book vi.) on the Integral Calculus, 
which may conveniently be studied to a certain extent in the 
student's second year of residence. I have given certain pro*- 
cesses of integration, but principally as examples of the 
methods which may be used. I have avoided following out 
this subject in a complete and systematic manner; a task 
which would have led me into too wide a field; and also, 
beyond the stage to which I wish to conduct my readers. 

I have not attempted to avoid coincidences with other 
books in the processes and proofs which I have given. We 
who at this time of day write on subjects so often treated 
of before, are all too dependent on our predecessors, whether 

* See Mechanical Euclid. 
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we know it or not, to have much right to complain of those 
who borrow from us. In further explanation of such coin- 
cidences, I may observe, that a few peculiar points which 
may have appeared in print before, as the proof of the pro- 
perties of the ellipse by means of the circular projection, and 
the Rules for the Reduction of Integrals (Book vi. Art. 31.) 
were originally, or at least independently, devised by me, 
and communicated to friends many years ago. 

If I shall have succeeded in producing a manual which 
brings together the mathematical studies of the second year 
in a convenient and satisfactory form, and in such a manner 
as to facilitate their operation in the way of intellectual 
discipline, I shall think my labour well bestowed. It is not 
likely that I shall hereafter endeavour to carry on to an 
ulterior point the scheme of mathematical education of which 
this volume and the Mechanical Euclid may be considered 
as portions. But I may take the liberty ot stating here, 
in what direction I should prosecute my labours, if I should 
ever be led to make the attempt. My aim would still be 
to furnish the student^s mind with some additional wealth, 
from among those comprehensive and fundamental Ideas on 
which science depends. I should wish, for example, to enable 
our young men to master two ideas of great importance and 
interest : — that of a Wave and that of Polarity. The former 
of these offers itself in the course of the sciences of Hydro- 
namics and Optics: — the latter occurs in various formis as 
the basis of a large portion of Optics, Magnetism, Electricity 
of all kinds, and Chemistry. My object would be, not to 
use any complex mathematical processes in tracing the con- 
sequences of these ideas; but to apply them in such cases, 
as without much mathematical reasoning might tend to make 
them fixed and clear in the reader's mind. It would be easy 
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to shew how far this has been from a common case. The 
general notion of a Wave, as a transfer of form distinct from 
a transfer of matter^ has been a stumbling-block to most un- 
mathematical reasoners; and the confusion and perplexity 
which have arisen from the attempts to grapple with this 
notion, have appeared on various occasions. Now this notion 
is the basis of the Undulatory Theory of Light; as well as 
of all reasonings concerning the waves of water; and it is 
capable of being illustrated in a very elementary manner, to 
those who will give the subject a steady attention. Again, 
the notion of Polarity has been so far obscure among men 
in general, that many, and even mathematicians of note, have 
asserted that the phrase "Polarization of Light,'' was an 
arbitrary and unmeaning term. Yet it will be seen by a 
little consideration, that this is the only just phrase for the 
case; since Polarity, or Polarization, is the universal mode 
of describing an opposition of properties depending upon 
an opposition of positions. The same idea, variously modi- 
fied, might be illustrated by the fundamental doctrines of 
Magnetism, Galvanism, and the like ; and when the student 
has gone through such elementary studies, he would be far 
better prepared, than without them he can be, to derive 
intellectual profit from the beautiful analysis which is ap- 
plicable to such cases*. 

By extending our mathematical studies in this manner, 
always insisting upon the most rigorous synthetical exposition 
of the elementary principles of each added portion, our mathe- 
matical education might become an intellectual discipline, such 
as the world has never yet seen, and such as it has not even 
learnt to hope for. Yet such an education alone can provide 

* See Mr Airy's Tracts, for the Undulatory Theory ; and Mr Murphy on The 
Principles of Heat and Electricity, for the other subjects. 
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for the future progress and diffusion of real knowledge, and 
for the prosperity and advance of that civilisation which de- 
pends upon the diffusion of knowledge. It has been, and is, 
my ambition to contribute my efforts to the object of securing 
to this University a large share in the merit and glory of 
preserving, improving, and rendering effectual, an education 
thus truly liberal. 



I will proceed to make a few remarks on the foundations 
of the Doctrine of Limits. 

1. In the beginning of Book ii, I have stated the funda- 
mental principles of this doctrine, under the head ^^ Definitions 
and Axioms." I have already observed, in reference to the 
Principles of Geometry and Mechanics, that there is no es- 
sential distinction between Definitions and Axioms. No prin- 
ciples of either of these kinds, it has been shown*, can 
be the basis of truth, except the reasoner possesses in his 
mind the fundamental idea which they involve; and when /. 
the idea is there, the various modes of apprehending it 
which the reasoning requires, may. be expressed either by 
means of Definitions or Axioms, or both. The same may 
be said with regard to the Doctrine of Limits. The funda- 
mental idea of a Limit is necessary in the first place; and 
this idea being clearly entertained, the resulting principles 
will be manifest, in whatever form they are enunciated. 
We may, for instance, either define the equiangular spiral 
to be the Limit of the polygon whose sides cut all the rays 
^t equal angles; or we may define the equiangular spiral to 
be the curve which cuts all its rays at equal angles, and then 
state as an aadom^ that the equiangular spiral is the limit 

* Remarks on Mathematical Reasoning in the Mechanical Euclid. 
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of a polygon all whose sides make equal angles with the rays. 
In either case we have the same principles to refer to in 
our reasoning ; and in either case the foundation of our con- 
viction is our idea of a Limit. 

2. No rigorous reasoning concerning the tangent of the 
equiangular spiral can be carried on, except the idea of a 
Limit is referred to, either in a Definition or in an Axiom. 
In a former publication, containing the First Three Sections 
of Newton, I had overlooked this necessity, and had at- 
tempted to prove the properties of the equiangular spiral 
from a Definition not involving the conception of Limits. 
The reader who examines that demonstration carefully, or 
any other which is constructed on similar grounds, will find 
that there is one step in the proof altogether inconclusive. 
And in like manner we may say in general, that no proposi- 
tion can contain any assertion respecting a Limit in its con- 
clusion, except the idea of a Limit be involved either in the 
Definitions or in the Axioms which are its foundation. Any 
pretence to establish such an assertion under other conditions 
will involve some fallacy or other. 

3. The peculiar form of the fallacy, as it occurs in the 
demonstration formerly given respecting the equiangular spiral, 
was one of which the inconclusive character is manifest enough, 
although it may often be overlooked. In order to prove that 
the ratio of two rays iJ, S is the same as the ratio of two other 
rays r, «, a number of intermediate rays were interposed in 
each case, as R\ i?", i?'" &c., and r, r", r" &c. It was 
then shown that the ratios of R to R' and r to / are ultimately 
equal, as also of R' to R" and r to r", and so on ; and hence, 
assuming that all these ratios might be compounded, it fol- 
lowed that the ratios of -B to *S and of r to « are equal. But 
it is manifest that this reasoning is fallacious. For if it were 
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allowable, we might in the same manner argue, that all the 
ratios of 1? to i?', R' to jR", R" to «"', and so on as far as S, 
are ultimately ratios of equality, when the number of inter- 
mediate magnitudes R\ R'\ R"' &c. becomes indefinitely great : 
and therefore, compounding these ratios, the ratio o( R to S 
is a ratio of equality, whatever be R and S; which is a mani- 
fest absurdity. 

4. If we look for the error of this reasoning, we shall 
perceive it to reside in this; that we have compounded an 
indefinite number of proportions which hold good ultimately 
only, and of which the number becomes indefinitely great by 
the same supposition by which each proportion becomes ulti- 
mately true. We may rightly compound an indefinite number 
of exact proportions, or a finite number of ultimate propor- 
tions: but if the number be indefinite while the proportions 
are ultimate only, the combination of all these proportions 
is inadmissible. While we try to approach the truth by 
infinitely diminishing the intervals, we remove it as far as 
ever by infinitely increasing their number. 

5. The same error occurs in a form slightly different in 
Prop. IV. of the Book upon Hydrostatics, in the ** Mechanical 
Euclid.^^ It is shewn in that Book, Prop, iii, that the 
pressures on two sides of a particle are equal ; but this pro- 
position is in fact only ultimately true; and though the 
notion of Limits could not properly be introduced into that 
elementary work, the result of that notion is contained in 
the 7th Axiom of the Hydrostatics, which states that we 
may neglect the weight of a single particle : (that this Axiom 
is more correctly replaced by the principle of Limits, I have 
observed in the Scholium at the end of Book ii. of the present 
work.) And since Prop. iii. of the Hydrostatics is thus true 
ultimately only, we cannot assume the results of its being ap- 

b 
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plied an indefinite number of times. But this is done in Prop* 
IV ; for the number of particles in a finite part of any side of a 
vessel will be infinite, and thus we have the same fallacy as 
before. This fallacy I shall take the earliest opportunity 
of correcting. 

6. From these examples we see that considerable care 
is requisite in establishing and applying the principles of the 
Doctrine of Limits. Athough it may be for the most part 
allowable to say that propositions which are true of finite 
quantities, are true of limits, this maxim cannot be universally 
applied ; and a series of propositions, such as those in Book ii, 
of the present volume, is necessary, in order to enable us to 
reason securely about the cases in which the consideration of 
Limits occurs. The establishment of such a series of propo- 
sitions by Newton, (the Lemmas of his First Section,) was a 
very great improvement of the mode of treating such ques- 
tions: since it enabled him to avoid the harsh hypotheses 
and insecure processes of his predecessors ; and gave to his 
method a rigour approaching to that of the Elements of 
Geometry, 

7. I have said a rigour approaching only to that of 
Geometry; and I must further venture to say that I have 
endeavoured to supply what was wanting in this respect; 
and to make the Doctrine of Limits irreproachable in form, 
as it is solid in principle. For this purpose it has been 
necessary for me to modify in some degree, although very 
slightly, Newton's way of treating this subject. I shall 
mention one or two such points. 

8. I have introduced and stated all the definitions and 
axioms which I have employed in my reasoning; whereas 
Newton has commonly omitted to state such principles, and 
jias in many cases left us uncertain what definitions or axioms 
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he would have selected, if he had thought it necessary to make 
this part of his work formally exact. He does not define Hmi' 
lar figures; hot continued curvature; nor finite curvature ; 
nor does he give the measure of velocity^ or of force^ on 
which his reasonings on those subjects depend. My business 
Was to supply these defects; not however by attempting to 
divine what Newton's individual view of these points was; 
but by considering how I could best render the system 
coherent and complete. 

9. In doing this, I have followed to a considerable 
extent a maxim which appeared to me to be a convenient 
one ; although it has not, so far as I am aware, been steadily 
acted upon before. The maxim is this, that definitions and 
axioms are to be constructed so as to refer to finite rather than 
evanescent quantities. Thus a curve is the limit of a finite 
portion of a polygon : thus, again, I have not made the reason- 
ings concerning motion to depend upon the definition that velo- 
city is the limit of the ratio of an evanescent space to an 
evanescent time; but upon the axiom, that if a body move 
for a finite time, the velocity increasing by steps instead of 
increasing continuously, the first kind of motion has the 
second kind for its limit, when the steps are indefinitely 
increased in number; and I have treated the propositions 
concerning force in the same manner. It appears to me that 
this identity of the Continuous with the Limit of the Dis-. 
continuous, both being finite, is more plain and palpable, 
(as soon as the notion of a limit is attained,) than the rela- 
tions of evanescent quantities; although I have in other 
works, employed the other method ; which indeed is capable 
of being managed with perfect rigour. 

10. It would appear as if Newton had, in some instances, 
proceeded upon this maxim ; and this would a£Pord an ex- 
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planation of a step in his reasoning of which it is other- 
wise not easy to give a satisfactory account. In his fifth 
Lemma he asserts, without proof, that corresponding por« 
tions of similar curve lines are proportional. Now, how 
would he have proved this? By considering the curves as 
the limits of polygons ? There appears to be no other way ; 
and a corollary to the fourth Lemma appears to countenance 
such an opinion. But this proof, it would seem, can then 
only be valid when the ultimate equality of the arc and the 
chord has been established; which is not proved till the 
seventh Lemma, and then by means of this very fifth Lemma. 
Here then we seem to reason in a circle : can we find an 
exit to it? 

11. The mode in which I have arranged the steps of 
this demonstration appears to me unobjectionable. The ulti- 
mate equality of a finite portion of a polygon and a curve is 
a fundamental principle of the Doctrine of Limits. It is also 
a principle, that similar curves are the limits of similar 
polygons. Hence finite portions of similar curves are pro- 
portional; and this enables us to prove that the evanescent 
chord and the arc are equal ; which is a truth less evident 
than the equality o( finite portions of the polygon and its 
limiting curve. And thus my first ten propositions are almost 
identical with Newton's first ten Lemmas. 

12. In the definition of a tangent, I found myself 
obliged to define by means of an evanescent quantity. 
I do not conceive any definition but this, or one equi- 
valent to this, can lead to general propositions respecting 
tangents. 

13. As the measures of velocity and force, according to 
which they are the limiting ratios of the increments of space 
and time, and of velocity and time, are not given as defi- 
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nitions, it became necessary to prove them as properties 
which follow from our principles, which is done accordingly 
in Props. 10 and 12 of Book ii. 

14. I have already remarked that certain steps in the 
elementary reasonings of Mechanics and Hydrostatics, cannot, 
by any e£Port of simplification, be established without some 
assumptions equivalent to the Doctrine of Limits. The as- 
sumptions thus made, being without any clear ground, may 
very naturally be expected to leave some impression of dis- 
satisfaction on the minds of those who have a relish for 
rigorous demonstration. It is the office of the Doctrine of 
Limits to remove this dissatisfaction, by referring the as- 
sumptions just spoken of to their proper origin. This is 
done in the Scholium at the end of Book ii. 

15. The axiom which I have adopted as the basis of 
the reasonings concerning central forces, is (B. ii. Art. 15) 
that if a force be supposed to increase or decrease by steps, 
instead of varying continuously, the eflect at the Limit, when 
the steps become infinitely numerous, will be the same as 
in the case of continuous variation. It is here to be under- 
stood, although it is not expressed, that the other conditions 
are the same, in the two cases of discontinuous and continuous 
variation ; that is, the body either falls from rest in both cases, 
or has in both the same velocity and direction of its motion 
when the force begins to act. 

16. This axiom is not exactly the one which is wanted, 
if we follow Newton's reasoning in the proof of the funda- 
mental properties of motion by the influence of a central 
force (B. iv. Prop. 1, 2). Newton's demonstration would 
require us to assume this axiom; — ^that if a central force 
act impulsively at small intervals of time, and these intervals 
be indefinitely diminished, the limiting effect is the same 
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as that of a continuous central force. The difference of 
the two methods is, that here the force is supposed to act 
only at intervals; in our axiom, the force acts constantly, 
but its changes take place at intervals. It would not be 
difBcult either to accommodate the axiom to the proof or 
the proof to the axiom, and thus to produce an agreement 
which at present is not exact. For this purpose, the axiom 
ought to assert, that if the intensity and direction of the 
force vary at intervals only, the limiting eflFects, when the 
intervals vanish, will agree with the effects of a force changing* 
its intensity and direction continuously ; and the proof might 
then proceed by the same steps as Newton's First Proposition.^ 



T&iKiTT College, 
Jan. 1, 1888. 
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PAGE LINE 

1 12 for of ^ as was read if AM was. 

5 6 for perameter read parameter. « 

14 2 m the numerator for a' put ab. 

16 22 for perameter read parameter. 
21 7 dele from rest. 

50 ... In the Diagram and in the Note for N put M, 

61 18 for CN^ read CE^. 
69 8 for QCA' read QCQ\ 

66 17 for diameter read radius. 

66 after line 18 insert^ 

Cor. 2. The arcs in a circle are as the angles at the centre : hence if 9 be any 

angle at the centre, measured by the arc of a circle of which the radius is 1, r 6 is the 

corresponding arc of the circle of which the radius is r. 

g 
Cor. 3. Hence if s be the length of the arc, 6 = - . 

67 after line 12 insert^ 

Cor. 2. To find the curve surface of a frustum of a cone, let r, s be the radius 
of the base, and the slant side of the cone cut off', / the slant side of the frustum, and 
r+k the radius of its base. Then r : s :: k : I, whence rl = ak. And curve sur- 
face of frustum =ir {(r + A) («+/) -r«} = ir{r/+«Af+Af /}=•«- {2r/+Af/} =2irr/+irAr/. 

After Prop. 7? Book iii, insert the following, which is referred to in Book iy, 
Prop. 18. (The Diagram of this latter Proposition is to be used.) 

PF.Px=BC. 

For draw Pm a perpendicular upon AC and produce it to meet CF in «. Also 
draw Pn perpendicular on CB, and let the tangent PR meet CB in t. Then it may 
easily be proved that Cn. Ct = CB', But Pm is equal to Cn, and Pz to Ct, being 
opposite sides of parallelograms. Therefore Pm . Pz = CB', Also by similar tri- 
angles, Pm : Px '.: PF : Pz; whence Px. PF=Pm, Pz, Hence 

PF.Px^BC. 

Also insert this Diagram in page 11, 
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DOCTRINE OF LIMITS, 



BOOK I. 

APPLICATION OF ALGEBRA TO GEOMETRY. 

1. Let -4* be a fixed point in the right line wAX\ 
the position of any point M is estimated by its distance 
from A. Also if M be supposed to move towards J, then 
will AM represent successively all quantities less than the 
first AM', and after M has coincided with J[, if it proceed 
in the same direction to the place JIT, on the 9ther side of 
J[, then will AM' represent a negative quantity'^w. A%^ was 



ADDITIONAL ERRATA. 

Page 127, line 6, for ae cos = 1 - tj read aer cos = 6* -ar, 
lines 8, 9, 10, for l^ read 6*. 



3. If YAX be not a right angle, MP is drawn parallel 
to AY^ and AM<y MP are obliqtie coordinates. 



* See the Diagram, page 3. 

A 
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4. What was said in Art. 1, with respect to the signs 
( + and - ) of the lines measured on the axis of abscissas, 
may be applied to those measured on the axis of the ordinates : 
that is, AN or PM is + or -, according as it lies above 
or below the axis XAw. 

Hence if x and y denote the abscissa and ordinate 
of any point P, the signs of these co-ordinates will be as 
follows. 

In the angle XAY^ ot is' + and y is + 

YAx^ 0? is - y is + 

wAy^ 0? is - y is - • 

yAX^ <*• is + y is - 

Also if 0, sin 0, tan Q represent an angle above AX^ and 
its trigonometrical functions ; - tan 0, - sin 0, - 0, will re- 
present the same when the angle is below AX. 

6. If a line PM move parallel to itself upon the indefinite 
line obAX^ and at the same time increase or decrease in such 
a manner that some relation between AM and PM con- 
stantly remains true; the straight line, or curve traced out 
by the point P is called the locuB of P; and the relation 
between AM and ilfP, expressed algebraically, is called the 
equation to the curve. 

6. If the equation to the curve be given, any number 
, of points in it may be found, and thus its form determined 
and the curve traced. 

If the equation between x and y involve numerical co- 
efHcients only, take a? = 0, 1, 2, 3, &c. successively, and de- 
termine the corresponding values of y both positive and 
negative. Again, substitute negative numbers for a?, and 
proceed in the same manner, till a sufficient number of points 
are determined. The curve must pass through all these 
points. 

Example. Let SOy = 4>ai^ - I2a?^ - 63w + 30 be the 
equation to the curve; we shall find the following results. 
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« = 0, 


y = +l 


a?= 1, 


y = -1.4 


^".2, 


y = - 3.y 


ar«3, 


y = - 5.3 


a'"! 4, 


y--5.3 


J7 = 5, 


y = - 2.8 


* = 6', 


y = + 2.8 



Hence the form of the cfirve is such as is represented 




in the figure, to the right of the "point A. Also to find the 
remaining part of the curve, take a? = - l, - 2, - 3, &c. 

When a; = - 1, y = -f 2.5 

a? = - 2, y = -f 2.3 

.-p = - 3, y = + 0.1 

47 = - 4, y ^ — 5.5 

Hence the curve is such as is represented in the figure. 

7. If the equation to the curve involve literal coefficients, 
the form of the curve may be traced in nearly the same 
manner. 

Example. Let mw ^ (jb '\- a) (jv - b) (w - c) be the 
equation to the curve. It may be shewn that the form of 
the curve is nearly the same as before ; the axis of of cutting 
the curve in three points. 

a2 
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8. If the equation to the curve involve only a finite 
number of algebraic terms, the curve is called algebraic ; 
but if the equation cannot be expressed in a finite number 
of such terms, the curve is called transcendental. 

9. Lines are divided into orders according to their 
equations; and are said to be of the 1st, 2d, dd,...n^^ orders 
according as their equations are of 1, 2, 3,...n dimensions. . 

It will be shewn hereafter that an equation of one dimen- 
sion belongs to a straight line. Hence those curves whose 
equations are of two dimensions are lines of the second order, 
but they are the first order of curves; and so on. 

10. A straight line cannot cut a curve of n dimensions 
(that is a curve whose equation is of n dimensions) in more 
than n points. {Wood*s Algebra, Art. 518.) 

11. Curves of the Sd, 5th, 7th, &c. orders, and all whose 
dimensions are odd numbers, must have at least two infinite 
arcs; whereas the figures of those curves whose dimensions 
are even, may be like circles or ovals, that are limited within 
certain limits, beyond which they cannot extend. (Wood*s 
Algebra, Art. 519.) 

12. If a geometrical property of a line be given, the 
equation to the line may commonly be found, and the line 
traced. The following are examples of this. 

13. A line is determined by the condition that the dis- 
tances of any point in the curve from 
a fixed point, and from a straight line, 
are equal to each other: to find its 
equation. 

The curve is called a Parabola, 
The fixed point is the Focus, the 
straight line is the Directrix, 

Let S be the fixed point, EQ the straight line, to which 
PQ is perpendicular : then PQ = PS, 
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Draw SE perpendicular to JSQ, PM perpendicular upon 
ES. Bisect SE in J, and let AS -^ AE =^ m, AM = of, 
MP=y. 

PW^ SP"-- Si\P^ PC^SM^r^EM^-SM^^ (w + m)*-(cP - m)* 

or, y* = 4m.r. . ' • ' J- / - ' 

The quantity 4?w is the pefameter. The curve passes 
through -4. 

14. A line is determined by the condition that the dis- 
tances of any point in the curve from two fixed points are 
together equal to a constant quantity: to find the equation 
to the curve. 

The curve is called an Ellipse. The fixed points are 
the Fod. 

Let Si -ff * be the fixed points ; PS^ PH the distances ; 
therefore PH + PS is constant. Let PH + PS=2a. Draw 
PM perpendicular to HS; bisect SH in C, and let CM^w, 
MP = y. Also let SC = ae. 

Then HP" - HM^ = PM" ^ SP" - SM'; 

whence HP" - SP" =^ HM' - SM' ; 

and (HP + SP) {HP - SP) - (HM^SM) (HM-SM). 

But SP-^-HP^^a, HM-^SM^Qaey HM-SM=2CM^2w; 

whence 2a (HP - aSP) = 2ae . Sa*, fl'P - SP=- 2ea? ; 

also fTP + aSP = 2o ; 

therefore SP ^ a-ew^ HP = a + ew. 

Now PM^^SP'-SM^ = (a-€wy--(ae-'wy 

15. Let Af a, be the points where CS meets the curve ; 
therefore SA + HA = 2 a, that is, 2C-4 == 2 a, and CA = a. In 
like manner Ca^ai CA and Ca are each the semi-dofu 
major. 

• Sec the Diagram, page 6. 
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Let B be the point where a perpendicular to SH at 
the point C meets the curve. Therefore SB = HB, and 
2SB=2a^ SB==a: CB is the semi-^uns minor. 

If CB^b, 6^ = 5'^-AyC« = a«-aV = o*(l-€*). 

16. Hence, i - 6* = — , and «* = — (o*- x^) 



f 



{a - a?) (a + a?) rt^ 



or 



a* 
MP" 
AM~Ma 



BC 




17. If a circle be described with center C and radius 
CA^ and if MP meet this circle in 

= JJIf.JIfo: 

Hence, —— = -; MP^-Mp; 
Mp^ a^ a ^ 

and the ordinate of the semi-ellipse 

is in a constant ratio to the ordinate 

of the semi-circle described on the axis major. 

This semi-circle is called the circular projection of the 
semi-ellipse : the point p is the circular projection of the point 
•J^, and the line Cp of the line CP. 

18. A line is determined by the condition that the dis- 
tances of any point in the curve from two fixed points shall have 
their difference equal to a constant quantity : to find its equation. 

The curve is called the Hyperbola. The fixed points 
are called the Fed, 

Let *S, H be the fixed points, PaS, 
PH the distances, therefore PH - PS 
is constant: let PH- PS=2a. Draw 
PM perpendicular to HS ; bisect SH 
in C ; and let CM = ^, MP = y ; also 
let CS = ae. 

Then HP'-^HM'^PM^^SP'-SM'' : 

whence HP' - SP" ^ HM^ - SM' ; 

and (HP + SP) (HP - SP) = (HM + SM) (HM - SM), 
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But HPSP^2ay HM-^SM^^aej HM+SM'^2CM^2w; 

hence {HP + SP) . 2a = 2ae , 2w. HP + SP= 2ew, 
Also HP-SP^ 2 ay 
therefore HP = e^ + a, SP =ew — a. 
Now PM* = ^P^ - SM^ - (eo? - af -- (a? - ae)S 

The equation gives the curve AP, and also another curve 
apy which is the opposite hyperbola. 

19. Let Ay a be the points where CS meets the curve : 
therefore SH - SA^2a; that is, 2CJ = 2a, and CA = o. 
In like manner Ca = a, C^ or Ca is the semi-axis major. 



20. Let _ = €* - 1, and CB 

a^ 



b. 



(a? - a){w + a) 
MP" 



or 



AM. Ma 



a' 
CA^' 



21. Two lines drawn in a hyperbola cut each other; 
given the angles at which they are 
inclined to the axis, to find the ratio 
of the rectangles of their segments. 

Let PP'y QQ^ be two lines drawn 
in the hyperbola PQP^^y which meet 
in a point 0. 

Let PMy OL be drawn perpen- 
dicular, and OK parallel to the axis. 

Let AL=:ay LO = fi, AM-^Xy MP^y\ let OP^ty 
and let the angle POK = <p : 




8 APPLICATION OF ALGEBRA TO GEOMETRY. 

then X e AM = AL + OK = a + r cos 0, 
y = MP = LO 4^ JTP = /3 + r sin 0. 
The equation to the hjrperbola is 

-(^-a«)-,^,or--|-1.0. 

Putting for x and y their values, this becomes 
/co^ 8in''0 >^ _^ ^( acos<l> /3sin0 ^^ _ a' ^^ 

This is a quadratic equation, in which r will have two 
values, and these values will be OP^ OP'. Let the coefficients 
of the terms of the equation be represented by m, 2n, p : then 
the equation is mr* - 2wr + p = 0. 

Whence the two values of r are 



m V \m^ ml 



p 

and the product of these is — . 

m 

Hence the product OP. OP' is 



COS^ COS^ 

In like manner if QOQ! make an angle \j/ with OiT, we 
shall have 



COS* \// sin* x// 
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COS* (j) sin*0 



Hence 



6* 



OQ ■ OQ' 

OP. OF" cos^>/^ sin* >/. 



6« 



b^ cos* (p-^ a^ sin* 
6* cos* \// - o* sin* \// ' 

This is true also if the points P' or Q' be in opposite 
hyperbolas. 

22. If in a hyperbola two lines intersect each other, 
and if two other lines, parallel to 
the first respectively, also intersect 
each other; the rectangles of the . 
segments of the first two lines, and 
the rectangles of the segments of 
the other two will have the same 
ratio. 

Let PP', QQl be two lines which 
intersect in O; pp^ qq two other 
lines parallel to the former which 
intersect in o: ' 

then OQ . 0(^ : OP . OF" :: oq . oq : op . op'. 




For 



OQ . OQ' _ 6* cos* - a* 8in*0 _ oq . oq' 
OP. OP' ^ 6* cos* >/.-«* sin* ^ " op . op' ' 



For is the same for PF and for pp', because they 
are parallel: and for the same reason, yf/ is the same for 
QQ' and qq. 

23. A straight line to which a curve approaches per- 
petually so as to come nearer to it than any finite distance, 
is called an asymptote to the curve. 

An asymptote may be found by expanding the equation 
to the curve according to inverse powers of the abscissa. 



10 



APPLICATION OF AL6KBRA TO GEOMETRY. 



24. To draw an asymptote to the hyperbola. 

'-„V(^-.-)4V(-^) 



- — (i + { 

607 ab a^b 
a 2w 8ar 



e.) 




If we draw JE perpendicular to CA and equal to by 

and join CEj meeting the ordinate MP 

bx 
in if, we shall have MR = — . 

a 

^« O'b a^b 
Hence PR = — + -^ - &c. 

Therefore PR becomes indefinitely 
small, as a? or CM becomes indefinitely 
large; and CR is an asymptote to the 
curve AP. 

There is another asymptote CE\ making an equal angle 

with AC. 

« 

The asymptotes are also asymptotes of the opposite 
hyperbola. 

26. A straight line being drawn through any point 
in the curve meeting the two asymptotes 
of the curve, to find the two portions of 
this line. 

Let CM, MP be the co-ordinates of 
P9 QN perpendicular on CA, PK parallel 
to CM. 

Let CM^w, MP^y, PQ^r, angle 
QPK=(p, angle QCA^Q. 



Hence, 




CN = r cos + 'I?, NQ = r sin + ^, 
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whence, r sin + y = tan (r cos + iv) 
y ^ X tan - r (sin - tan cos (fji). 

But - = --- = tan Oj and y = -r (ar - a') ; 
a JC or 

hence, y^ = (a?* - a*) tan* 6. 

But by the above, y* = a?* tan* - 2r j? (tan sin - tan* Q cos 0) 
+ r* (sin - tan cos 0)*. 

Hence, r* (sin - tan cos 0)* - 2r a? (tan sin - tan* cos (p) 
+ a* tan* = ; 

2ra?tan0 a*tan*0 

' sin - tan cos <p (sin - tan cos 0)* ~ 

This equation gives us for PQ^ the value (taking the 
proper sign) 

_ a? tan - >/a?* - a* tan 
sin - tan d cos 

In the same manner we shall find the value of - PQ! if 
we put - tan for tan 0, which gives the line CQ' instead 
of CQ\ that is, from the equation, 

0? tan + \/ci?* - a* tan Q 



PQ'^ 



sin (p + tan cos (p 



12 

Since tan* = — we have hence 
a* 



sin* - tan* 6 cos* o* sin* 0-6* cos* ' 

26. The product of the segments PQ . PQ' is equal for 
all parallel lines. 

For PQ.P(i= .,^°'f"!^ ,^ -pqpg'- 
sm* - tan* cos* 

Since is the same when QQ\ qq are parallel. 
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27. To find the point at which PQ « PQ[. 
In this case, 

sin — tan cos sin + tan cos ' 

^ - \/^p^ - a^ sin - tan cos 
^ + a/^?^ - a'* sin + tan cos " 

= tan cotan ; 



1 - tan* . cotan* ' "^ y/[\ - tan* cotan* 0) ' 

n y~3 5 « tan* cotan <6 

y = tan V a;** - a* = — 2- . 

y/{\ - tan* cotan* 0) 

Let PCJf = >// ; tan x// = ^ = tan* cotan 0. 

OS 

6* 
Hence tan tan >^ = tan* = — . 

a 

28. At the point where PQ = PQ[^ to find the product 
of Ca and CQ'. 

Draw Jfff, P^' parallel to Q'C; TP 
parallel to QC. Then it is easily seen 
that CM = 9.CR cos 0, and PM ^2PT 
sind ==2RS sine. 



Whence CR = , RS = 



2COS0' 2sin0' 

""2COS0 2sin0 "" 2cos0|^"*"tan^j* 
And therefore, by last Article, 

1 1 + tan cotan 

~ 2 cos v^(l - tan* cotan* 0) 
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TT ^^ ^« ® 1 + <^an 6 cotan 

Hence CQ=^2CS^ —r, tt. vtt- 

cos Q ^(1 - tan* cotan* 0) 

In like manner, making negative, we have 

^ a 1 - tan cotan 

cos y/(l - tan* cotan* 0) ' 

^^ ^^/ <^* 1 - tan* cotan* 
Hence CQ.CQ=-^ ^^^^,^^^^,^ 

o* + a*tan*0«a* + 6*. 



cos*0 
29. At the same point, to find CP and PQ. 

Let CP^r, PQ^PQf^s, PCM^y\f. Then ,ir = r cos >/f, 
y « r sin \// ; and since y^ = tan* (a?* - o*), 

r* sin* x// = tan* (r* cos* y\f - o*) 
a tan ah 



>y/(tan*0cos*x//-sin*>//) ^(6*cos^\// - o*sin'*\//) ' 

Also by the triangle CPQ, 

* sin (0 - >//) sin cos x// - cos sin x// 
r sin (0 - 0y sin (p cos - cos sin 

cos x// tan - tan \// sin >// tan - tan y\f 

cos tan — tan cos tan tan y^ — tan tan y^ ' 

or since tan tan \// = tan* d, and r as above ; 

r sin xl/ a 

COS tan cos ^(tan* . cotan* >^ - l) * 

^ ^ , tanfl tan0 ^ , 

But tan cotan ylf = = ^ = cotan tan 0. 

^ tan\/^ tan0 ^ 
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Hence s 



COS y/{coi2LV? tan* 0-1) 



>y/(a^ sin* (f>-y^ cos^ 0) 

30. The proofs of the following propositions may be 
found in Francceur's Pure Mathematics, Wand's Algebraical 
Geometry, Hamilton's Analytical Geometry, Lacroia/*s Trigo- 
nometrie, and other similar works. 

The equation to a straight line is j^ &= ao? + 6 : where 
a is the tangent of the angle which the line makes with the 
axis of <v, and b is the distance from the origin at which it 
intersects the axis of y. "^ 

31. Let a, a be the abscissas, /3, (3^ the ordinates of the 
points; then the equation to the required line is 

y-fi^- (a?-a). 

a — a 

The two points may be called the points (a, /3) and (a , 0!) 
respectively. 

32. To find the equation to a straight line perpendicular 
to the line y ^ ax ^-h^ and passing through the point (aj3). 

The equation is y - ^ = — (a - a). 

a 

33. To find the angle (0) contained between two given 
lines y = a<i? + 6, y = a'x + b' : 

a — a' 
we have tan 6 = 



1 4- aa ' 

If the lines are parallel, a =« a ; if perpendicular, o' = 

a 

as in Art. 32. 
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34. To find the intersection {X^ Y) of two lines 
y = tttr + 6, y = al X + l! : 

we have X = ; , Y = — . 

a — a a — a 

36. To find the distance between two given points (a /3), 

The distance is -^{(a - a)* + (fi^ - fiy\. 

36. The equation to a circle of which the radius is 7, 
and the center (a/3), is 

(^-«y + (y-/3)' = y. 

37. Every equation of one dimension in w and ^ is an 
equation to a straight line; and the line may be traced by 
means of the equation. 

Examples. To trace the following lines: 

(1) 2y + 2a? + 4 = 0. 

(2) y = 2a?. 

(3) y - a? + 4 = 0. 

(4) Sy - 2a? - 9 = 0. 

(5) w = a. 

(6) y = o. 

38. Every e(][uation of two dimensions in a? and y^ is an 
equation to a conic section ; either parabola, ellipse, hyper- 
bola, circle, or two straight lines; and the equation being 
given, we may determine to which conic section the equation 
belongs, and may trace the curve. 

Examples. To determine the conic sections to which 
the following equations belong: 



16 APPLICATION OF ALGEfiEA TO GEOMETRY. 



(1) j^ - 9,xy + 3a?* - 2y - 4a? + 5 = 0. 

nf 1 

(2) y«-a?y+ — -a7 + - = 0. 

(3) 4y* + %wy + 8j?* + 12a? + 8y + 1 = 0. 

15 

(4) y* - 2jry -a?*-y + 7a? = 0. 

4 

(5) 4y* - %wy + a?* + 4y + 2a? - 2 = 0. 

(6) y* - 2a?y + a?^ - 8a? + 16 = 0. 

39. A cone is a solid generated by the revolution of 
a right-angled triangle about one of its sides. The angle 
contained between the fixed side and the hjrpothenuse of the 
triangle is the vertical angle. 

To find the equation of the section of a right cone by a 
plane. 

Let the vertical angle of the cone be fi ; let the angle which 
the cutting plane makes with the axis be a, and the distance of 
this plane from the vertex along the axis = c. 

If a be greater than )3, the section is an ellipse, if a be 
equal to )3, it is a parabola, if a be less than /3, it is a 
hyperbola. 

In the ellipse and hyperbola, 

c sin a sin 3 cos 3 

semi-axis major = -; — jr- — - — ^r- . 

sm (a + p) . sm (a - /3) 



semi-axis minor = 



V^{sin(a + /3).sin(a-/3)}* 



In the. parabola the perameter (see Art. 13) is 4csin^ — . 

40. A conic section may be made to pass through five 
given points. 
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41. To transform the co-ordinates of a curve; that is, 
having given the equation to any co-ordinates, to find the 
equation to any other co-ordinates. 

If <r, y he the original rectangular co-ordinates, JiT, Y 
new oblique co-ordinates, the angle which X makes with 
^, and ff the angle which Y makes with y; we have 

w ^ X cos Q + F cos 0', 

y « ^ sin + F sin Q\ 

42. The position of any point may also be determined 
by polar co-ordinates; that is, by knowing the distance AP* 
(which we may call r), and the angle PAX (which we may 
call 9) : the point A is called the pole. 

If there be an equation given between r and 0, the locus 
of P will be a curve determined by this polar equation. 

43. Given the rectangular equation of a curve, to find 
the polar equation. 

44. If the pole be at the focus, and Q be measured from 
the axis major, (beginning at the nearest extremity of it) the 
polar equations to the ellipse and hyperbola, are respectively, 

_ o(l -e*) _ a(c^-l) 



1 + e cos ' e cos + 1 

45. The polar equation to the parabola is 

r =t . 

1 + cos d 

* See Diagram, p. 3. 



B 



BOOK II. 

THE DOCTRINE OF LIMITS* 



DEFINITIONS AND AXIOMS. 

Art. 1. The Limit of a proposed nMgnitude is that to 
which the magnitude can approach indefinitely near. 

The proposed magnitude is supposed to be given by a 
hypothetical construction, of which the hypothesis is modified 
in some indefinitely progressive manner; for instance, some 
given quantity is supposed to be divided into parts, and the 
number of these parts is indefinitely increased, and the mag- 
nitude of each part indefinitely diminished. A magnitude 
depending on the given quantity approaches its Limit, as this 
hypothetical division of the quantity is indefinitely continued ; 
or as the hypothesis approaches its ultimate form. 

2. The Limit of a proposed Figure or Position is, in 
like manner, that figure or position to which the given figure 
or position can approach indefinitely near, by indefinitely 
extending the hypothesis of the construction. 

3. A magnitude is said to be ultimately equal to its 
Limit; and the two are said to be ultimately in a ratio of 
equality. 

4. A line or figure ultimately coincides with the line 
or figure which is its Limit. 

* Newton Principia, Book I. Section I. 
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6. The Definitions, Axioms, and Propositions in which 
Limits are concerned, may be enunciated by means of three 
clauses; of which the first expresses the hypothetical con- 
etruction ; the second e^ indefinite edetension ; the third the 
limiting property, 

6. If a finite portion of a curve be taken, and if many 
points be taken in the curve, so as to form a polygon*, the 
sides of which ate chords, taken in order, of portions of the 
curve ;— 

And if the number of these points be increased indefinitely, 
and the magnitude of each side of the polygon consequently 
diminished indefinitely;—- 

The curve is the Limit of the polygon. 

Let AB be a finite portion of a curve> and let points P, Q, R, 
be taken, and chords AP, PQ, QR, SB be 
drawn ;-— 

When the number of these points is in- 
definitely increased^ and the distances, AP, 
PQ, &c. indefinitely diminished ; — 

The curve AB is the limit of the poly- 
gon APQRB. 

7. The construction of Art. 6 being made, and extended 
indefinitely, and any side of the polygon being produced ; — 

The limiting position of this line is a Tangent to the 
curve at the point through which it is drawn. 

Let ^T be the limiting position ^ AP, when AP is indefinitely 
diminished; JT is a tangent to the curve AB at A* 

8. The construction of Art. 6 being made, and extended 
indefinitely ; — 

If the limiting angle made by two successive sides of 
the polygon (one of them being produced) be not finite at 
any point, the curve has continued curvature, 

• The tenn polygon is, in this work, employed to describe a broken line made 
up of a series of straight lines, although the broken line do not return into itself 
so as to inclose space* 

B2 
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9. Two curves touch each other at any point, when 
they have the same tangent at that point. 

10. If a line (BD*) be drawn, making a finite angle 
with the tangent (AD)y this line (BD) is the subtenae of 
the angle of contact at the point A ; and the intercepted 
curve {AB) is the conterminous arc. 

11. If a circle be drawn, touching a curve* at any point, 
and cutting it in a second point ; — 

And if the second point approach indefinitely to the 
first ;— 

The Limiting Circle thus obtained has the same curvature 
as the curve at the point at which they they touch. 

I£ AbBi be any arc of a curve, having AD for its tangent, 
and if ABb be a circle touching AD and cutting the curve in J?; 
if B approach indefinitely to A, the Limit of the circle ABb has 
the same curvature as the curve AB at the point A. 

12. The curvature of a circle is finite^ when its diameter 
is finite. 

13. If in a finite portion of a curve any polygon be 
inscribed, and if the figure revolve about any axis, so that 
the curve may describe a surface of devolution, and the poly- 
gon may describe an assemblage of conical surfaces; — 

And if the number of sides of the polygon be increased, 
and the magnitude of each diminished indefinitely; — 

The curve surface is the Limit of the assemblage of conical 
surfaces. 

14. When a body moves with a Variable finite velocity 
for a finite time; if this time be divided into many small 
portions, and if the body be supposed to move during each 
of these portions in succession with the same velocity, con- 
tinued constant, which it has at the beginning of that 
portion ; — 

* See figure to Prop. 7* of this Book. 
t See figure to Prop. 9. 
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And if the number of these portions be increased indefi- 
nitely, and the magnitude of each portion consequently., di- 
minished indefinitely ; — 

The motion which takes place on this supposition will 
have for its Limit the motion produced by the variable 
velocity. 

16. When a body is urged from rest by a variable 
finite force for any finite time; if this time be divided into 
many small portions; and if the force be supposed to act 
upon the body during each of these portions in succession, 
with the same intensity, continued constant, which it has at 
the beginning of that portion;.^— 

And if the number of these portions be increased inde- 
finitely, and the magnitude of each portion consequently 
diminished indefinitely ; — 

The motion which takes place on this supposition will 
have for its Limit the motion produced by the variable 
force. 

. 16. A quantity which is determined by a hypothetical 
construction, and which, by extending the construction inde- 
finitely, may be made smaller than any finite quantity, ulti- 
mately vanishes. 

1^. When a finite magnitude and another finite mag- 
nitude have a difference which ultimately vanishes, the former 
magnitude has the latter for its Limit. See Prop. 1. 

18. If ^ be any finite magnitude, and /a a quantity 
which ultimately vanishes, fxJ ultimately vanishes. 

19. If a parallelogram have one side which always re- 
mains finite, and another which ultimately vanishes, the area 
of the parallelogram vanishes ultimately. 

20. When a fiigure is determined by a hypothetical con- 
struction, the properties which are true when the construction 
is indefinitely extended, are properties of the limiting figure. 

This is expressed by saying, that what is true u^ ta 
the limit is true at the limit. 
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31. Similar curvilinear ^figures are those which are the 
Limits of similar polygons. 

22. If several lines or rays be drawn from the same 
point or pole, and if a polygon be constructed, the angles 
of which are upon the rays, and the sides of which make 
successively equal angles with the successive rays towards 
the same parts; — 

And if the number of rays which fall within a given finite 
angle be indefinitely increased, and the angles which they 
make with each other consequently indefinitely diminished ; — 

The Limit of the polygon is the equiangular spiral. 

23. If two straight lines be drawn in such a manner 
that the two extremities of the one coincide ultimately with 
the two extremities of the other, the two lines are ultimately 
equal and coincident. 

Thus*, if the two straight lines Ab, Jd, have the extremity 
A common to the two, and if the extremities 6 and d ultimately 
coincide, the lines Ab, Ad are ultimately equal and coincident. 

24. On the same suppositions, if there be any curve 
which always lies between the straight lines, and of which 
the extremities ultimately coincide with those of the straight 
lines respectively, the curve is ultimately equal to and co- 
incident with either of the straight lines. 

Thus*, if the curve Acb he always between the straight lines 
Ab, Ad, and if its extremity b ultimately coincide with the ex- 
tremity d, the curve Avb is ultimately equal to and coincident with 
either of the straight lines Ab and Ad, 

25. In reasoning concerning the Limits of magnitudes^ 
we may employ the same axioms, and therefore the same steps 
and processes, which are true concerning actual quantities. 

For example, magnitudes, and the Limits of magnitudes, 
are either ultimately equal, or else ultimately differ by a finite 
magnitude. 

• See figure to Prop. 7. 



DOCTRINK OF LIMITS. 



26. If magnitudes are ultimately equal to the same, they 
are ultimately equal to each other. 

27. If two magnitudes which are ultimately equal be 
added respectively to two other magnitudes which are ulti- 
mately equal, the wholes are respectively ultimately equal. 



Prop. I. (Newton, Lemma i.) 

1. Two quantities which constantly tend towards 
equality while the hypothesis approaches its ultimate 
form, and of which the difference, in the course of this 
approach, becomes less than any finite magnitude, are 
ultimately equal. 

The two quantities must either be ultimately equal, or else 
ultimately differ by a finite magnitude (Art. 25.). If they are 
not ultimately equal, let them ultimately have for their dif- 
ference the finite magnitude D. But by supposition, as the 
hypothesis approaches its ultimate form, the difference of the 
two magnitudes becomes less than any finite magnitude, and 
therefore less than the finite magnitude D. Therefore D is 
not the ultimate difierence of the quantities. Therefore they 
are not ultimately unequal. Therefore they are ultimately 
equal. 

Prop. IL (Newton, Lemma 11.), 

If in any curvilinear space, bounded by a curve and 
its two co-ordinates, be inscribed any number of adja- 
cent parallelograms, having their sides parallel to the 
co-ordinates, and having their bases, along one of the 
co-ordinates, equal; — 

And if the breadths (or equal sides) of these parallel- 
ograms be diminished and their number increased inde- 
finitely ; — 
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The sum of the inscribed parallelograms, that of 
the parallelograms similarly circumscribed, and the curvi- 
linear space itself, will be ultimately equal. 

Let AacE be the curvilinear space; A by '^ 

Bcy Cdy the inscribed parallelograms; A I, 
Bm^ Crif Dof the parallelograms similarly 
circumscribed. The excess of the sum of the 
latter above the sum of the former, is the 
sum of the partial excesses, the parallelograms 
aby bc^ cd^ dE; and this is manifestly equal 
to A If because the bases bm^ cn^ do are each equal to AB* 

When the breadth AB is diminished indefinitely, and the 
number of the parallelograms indefinitely increased, the excess 
AU of the circumscribed above the inscribed parallelograms, 
decreases; and the two sums tend constantly to equality. 
And in approaching the ultimate form of the hypothesis, the 
difference Al becomes less than any finite magnitude, because 
the side Ad remains constant and the side AB is indefinitely di- 
minished (Art, 19). Therefore the conditions of Prop. i. are ex- 
actly satisfied, and the two quantities, the sums of the inscribed 
and of the circumscribed parallograms, are ultimqfely equal. 

The curvilinear space is always greater than the sum of 
the inscribed and less than the sum of the circumscribed paral- 
lelograms. Therefore the difference between this space and 
either sum is always less than the difference of the two sums. 
Therefore^ the same conditions and reasoning apply to the 
curvilinear space, as to the two sums of parallelograms, and 
it is ultimately equal to either of the sums. 

Prop. III. (Newton, Lemma iii.) 

If the same hypothesis be made, except that the 
breadths of the parallelograms are not supposed equal ; — 

And if the breadths be all diminished indefinitely as 
before ; — 



DOCTRINE OF LIMITS. 25 

The same assertion is true, as in Prop. ii. 

Let AF (fig. p. 24) be the greatest of the breadths of the 
parallelograms; and let the parallelogram FAafhe completed. 
If the parallelogram Jfhe divided by the lines w6, nc, od, 
each of the partial excesses ab^ be, cdy dEj will be either 
less than the corresponding portion of the parallelogram Af^ 
or equal to it. Hence the whole excess will be less than the 
parallelogram Af. 

When all the breadths are diminished indefinitely, the 
sums of the inscribed and circumscribed parallelograms, and 
the curvilinear space, tend to equality, as before. And the 
difference is always less than Af^ and Af ultimately becomes 
less than any finite magnitude. Therefore ultimately the in- 
scribed and circumscribed parallelograms and the curvilinear 
space are *all equal. 

Cor. 1. Every portion of the ultimate sum of the paral- 
lelograms is equal to the corresponding portion of the curvi- 
linear space. 

Cob. 2. The polygonal figure contained by the chords 
a 6, bcj cd, dEj is greater than the inscribed and less than 
the circumscribed series of parallelograms; and hence this 
polygonal figure is ultimately equal, in all its parts, to the 
curvilinear figure. 

Cob. S. The same may be said* of the polygonal figure 
formed by drawing tangents to the curve at the points a, 
6, c, d, E. 

Cob. 4. If a parallelogram ABbk be inscribed in a curve 
ABba^ and if the breadth AB ultimately vanish, the parallelo- 
gram ABbk and the portion of the curve ABba are ultimately 
equal. i 

. ABba ABbk + akb akb 

^^ ABbk^ ABbk "^'^ABbk' 
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And ^^, , IS always less than ,^, , : that is, it is always 
ABbk ^ ABbk ^ 

less than -— ; which ultimately vanishes when B comes up to 
Bo 

Ay since b and I coincide at a. 

_, . ABba ... , 
Therefore ^^, , is ultimately 1. 
ABbk ^ 

Cor. 5. In nearly the same manner as in the Proposition, 
it may be shewn that if, upon the figure AaE (p. 24.), be 
erected a solid figure ; bounded by surfaces all parallel to the 
same line; — so as to form upon the rectangles Ah &<^*9 paral- 
lelopipeds; and upon the curve a£, a figure resembling a 
cylinder* \ — and if this solid be bounded by another plane 
parallel to AaE; — the sum of the inscribed parallelopipeds, 
that of the circumscribed parallelopipeds, and the cylindroidal 
solid, will be ultimately equal. 

Cor. 6. Also, if the figure A aE revolve about the axis 
AEy (the ordinates A a, &c. being perpendicular to AE^) the 
rectangles Aly &c. will generate cylinders; and the curve aE 
will generate a figure resembling a portion of a sphere*; and 
the sum of the inscribed cylinders, the sum of the circumscribed 
cylinders, and the spheroidal solid, will be ultimately equal. 

Prop. IV. (Newton, Lemma iv.) 

If in two figures be inscribed, as in Props, ii. and iii., 
two series of parallelograms equal in number; — 

And if, when the breadths of these parallelograms 
are diminished and their number increased indefinitely, 
the ultimate ratios of the parallelograms in the one figure 
to those of the other, each to each, be all the same \ — 

Tne curvilinear figures are also in the same ratio. 

* See Scholium of Definitions, Book iii. 
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Let AaEf PpT he the two figures; and let the ratios 



:x 




a : p^ b : q, c : r, d : s^ &c. of the correspondiDg 
parallelograms be ultimately all the same. 

Let this ratio he m : n. And let 

m : n(l +a) 

m : w (1 + /3) 

m : w (l -f 7) 



a 
b 



p :: 
q :: 
r :: 
&c. 



where a, /3, 7, are quantities which vanish in the ultimate 
form of the hypothesis. 

Hence na(l+a)=mj>, n6(l+/3)=mq', nc(l+7)=wr, &c.; 
and adding, n(a+aa+6+6/3+c+C7+&c.) = m(p + q' + r + &c.) 

a + 6 H- c + d + aa + 6/3 + C7 + &c. m 
p + q ^r + &C. n' 



That is, 



_,, . a + b + c -^ &c. oa 4- 6/3 + C'y + &c. m 
That IS, -7— + '- 



p + 9 + r + &c. p + q + r + kc. 



n 



Let /A be the greatest of the quantities a, /3, 7> &c. : 
then, since these all ultimately vanish, [k ultimately vanishes. 
Now, since a, /3, 7^ &c. are all less than ^, aa + 6/3 + C7 + &c. 
is less than afk + b\k + c/m + &c., 

- aa + 6/3 + C7 + &c. . , , a/i + 6/x + c/ti + &c. 
arid —-^ IS less than 



p + qf + r + &c. 

that is, than /u 



p + g + r + &c. 

(o + 6 + c + &c.) 
p + 7 + r + &c. 
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_ - OH-6 + C + &C. . ,. ,^. 

But when — is ultimately finite, 

p + g + r + &c. "^ 

(a'{'b -{-c + &c.) . . , . , , ^ 

fx ultimately vanishes. (Art. 18.) 

p + g + r + &c. ^ ^ 

r«, - V - . , aa + bQ + cy + &c. , . , . , 

Therefore a fortiori, J- ~ ultimately vanishes. 

Therefore is ultimately equal to— . (rrop. i.) 

Therefore ultimately 

a + 6 + c H- &c. : p -h q + r + kc. :: m : n. a. e. d. 

CoE. Hence if two quantities of any kind be divided into 
the same number of parts ; and those parts, when their number 
is increased and their magnitude diminished indefinitely, have 
a given ratio each to each ; namely, the first part of the one 
quantity to the first part of the other ; the second to the second, 
and so on ; these two quantities will be in the given ratio. 

For the parallelograms in the Prop, being taken to re- 
present the parts, the figures will represent the quantities in 
question, and their ratio will therefore be the ultimate ratio 
of the parts. 

Euclid. Book VI. Def. 1. 

Similar rectilineal figures are those which have their several 
angles equal, and the sides above the equal angles proportional. 



Lemma to Prop. V. 

Two similar polygons have corresponding portions 
of their perimeters proportional to homologous lines in 
the two polygons; and the areas of the polygons are 
proportional to the squares of the homologous lines. 
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Let SABCDE, aabcde, be two 
similar polygons. Therefore, as in 
Euclid, Book vi. Prop. 20, the tri- 
angles ^SaS, ah8\ BCS, bc8; CDS, 
cds; DES9 des; are similar re- 
spectively. Hence 

BC : BS :: be : bsy 

and BS : AS :: bs : as; 

therefore BC : AS :: be : as. 

In like manner it may be shewn, that 

CD : AS :: ed 

and that DE : AS :: de 

also, by similar triangles, AB : AS :: ab 

Hence (Euclid v. 24. Cor. 2.) 

AB + BC + CD + DE : AS :: ab + be + cd+de : as^ 

whence AB + BC+CD + DE : ab-^be + cd + de :: AS : as. 

That is, corresponding portions of the perimeters of the poly- 
gons are as their homologous sides. 

Also, by Euclid vi. 20, the areas of the polygons are 
proportional to the squares of the homologous sides. 



as, 
as.' 



Prop. V. (Newton, Lemma v.) 

In two similar curvilinear figures, corresponding finite 
lines, whether straight lines or portions of the curves, are 
proportional ; and the areas of corresponding parts of the 
figures are as the squares of homologous lines. 

Since (Art. 21) similar curvilinear figures are the limits 
of similar polygons, let the polygons be drawn of which the 
two similar curvilinear figures are the limits (see the preceding 
figures), as SABCDE, sabcde. Then, by the Lemma, 
AB ^ BC + CD ^ DE : ab + be -^^ cd + de :: AS : as. And 
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this proportion is true when the number of sides of the 
polygons are increased, and their magnitude diminished inde^ 
finitely. Therefore (Art. 20) it is true of the Limits of the 
perimeters of the polygons ABCDE^ abode '^ that is^ of the 
curves ABCDEj abode \ therefore 

curve ABCDE : curve abode :: AS : as. 

Also, by the Lemma, the polygonal areas 

ABCDE : abode :: square of AS : square of as; 

and this is true always and therefore for the Limit. Therefore 
curvilinear area ABCDE : curvilinear area abode :: square 
of AS : square of as. 

Prop. VL 

If from a point Am a curve ACS, any lines AJS, 
AC he drawn cutting the curve ; 
and if -4i, Ac be taken always in 
a constant ratio to AB^ AC, so 
that a second curve Acb may be 
constructed; the curve Acb shall 
be similar to ACB, and the two curves shall have a 
common tangent at the point A. 

The triangles ACB, Acb, produced by this construction, 
will always be similar; wherefore the angles will be equal 
and the sides proportional ; and therefore the polygons ACB, 
Acb will be similar. Hence the curves ACB, Acb, which 
are the limits of the polygons, (Art. 21) will be similar 
curves. 

Also the tangent to the curve ACB at the point A 
is AD, the ultimate position of the side of the polygon AC, 
when the number of sides is increased and the magnitude 
of each diminished indefinitely (Art. 7) ; and the tangent of 
the -curve Acb is the ultimate position of the line Ac, that is, 
AC, under the same circumstances. Therefore the tangent 
of the two curves is the same line AD. 
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Prop. VII. (Newton, Lemma vii.) 

If through any point, in a curve of continued curva- 
ture, there be drawn a tangent, and also a chord, meet- 
ing the curve in a second point : and if the tangent 
be limited by a secant (or line cutting the curve) through 
the second point ; — 

And if the second point approach indefinitely near 
to the first; — 

The ultimate ratio of the arc, the chord, and the 
tangent is a ratio of equality. 

Let ADy AB be the tangent and the chord of ACB 
respectively; BD the secant. 
Let Ad he taken always equal 
to a finite magnitude; let bd 
be drawn parallel to JSD, meet^ 
ing Ab in d; and let a curve 
Acb be constructed as in 
Prop. 6, which will therefore 
be similar to ACB, and have 
the same tangent AD, by that 
Proposition. And by Prop. 5, 
when AB is finite, the arc ACB, 
the chord AB, and the tangent 
AD will be in the same ratio 

as the arc Acb, the chord Ab, and the tangent Ad. There- 
fore, by Art. 20, when AB vanishes, the arc ACB, the chord 
AB, and the tangent AD will still be in the same ratio as 
the arc Acb, the chord Ab, and the tangent Ad. 

But if EA, AB be two successive sides of the polygon, 
of which the curve is the limit, if EA be produced to F, 
the angle FAB ultimately vanishes, because the curve has 
continued curvature (Art. 8). 

And the ultimate position of EAF is the tangent AD 
(Art. 7). Therefore the angle DAB ultimately vanishes. 
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Therefore the points 6 and d ultimately coincide, and the 
lines Aby Jd, are equal and coincident. (Art. 23.) 

Therefore the curve Acd is ultimately equal to and co- 
incident with either of the lines Ab^ Ad. (Art. 24.) 

Therefore, since it has been proved that the lines ACB^ 
ABj and AD are always in the same ratio as Acb^ Ab^ and 
Adf the line ACB is ultimately equal to and coincident 
with either of the lines AB and AD. 

That is, when the arc ACB vanishes by the approach 
of B to Ay the curve is ultimately in a ratio of equality to 
the chord ABy and the tangent AD. 

Cor. 1. If through the second point JB, be drawn BF 
parallel to the tangent, and AF a secant 
through A parallel to BDy BF will ulti- 
mately be equal to the arc ACB ; for BF 
is equal to AD. 

Cor. 2. If several secants be drawn through JB, as BD, 
BEy or through Ay as AFy AGy all the abscissas (or lines cut 
off) ADy AEy BFy BGy will ultimately be equal to the arc, 
and therefore to each other. 

Cor. S. Hence these lines, in the ultimate form of the 
hypothesis, (namely on the supposition that B approaches 
indefinitely near to Ay) may be taken for each other. 

N. B. The secants must all make with the tangent 
angles which are ultimately finite. 

Prop. VIII. (Newton, Lemma viii.) 

If two lines, drawn through the first and second 
points in the curve, make with the chord, the curve, 
and the tangent at the first point three triangles; — ^ 

And if the second point approach indefinitely near 
to the first; — 

The three triangles are ultimately similar as to 
form, and in a ratio of equality. 



DOCTRINE OF LIMITS. 33 

Let AR9 BR (Fig. p. St) be the two lines ; and making 
the same construction as in last Proposition, let dbr be 
parallel to DBR. 

Let Ad remain finite when B approaches indefinitely to ^ ; 
therefore Ab, Acby Ad coincide; and the three triangles rAb^ 
rAd^ rAcb, are ultimately identical as to form, and in a 
ratio of equality. Therefore the three triangles RABy RAD^ 
RACBj (which are always similar and proportional to the 
others by Prop. 6.) are ultimately similar as to form, and 
in a ratio of equality. 

Cob. Hence these triangles, in the ultimate form of the 
hypothesis, and in all reasonings founded upon it, may be 
taken for each other. 

Prop. IX. (Newton, Lemma ix.) 

If through a fixed point in a curve there be drawn 
a secant, and if through two variable points of the curve 
there be drawn ordinates (that is, parallel lines) meeting 
the secant^ and making two triangles (each having a 
curvilinear side;) — 

And if these two variable points approach at the 
same time indefinitely near the fixed point; — 

The two triangles will ultimately be in the ratio 
of the squares of their corresponding sides. 

Let A be the fixed point, JB, C, the variable points^ BDy 

CE the ordinates to the secant AE^ a p e 

Let c be taken in AC produced, 
and let the curve J 6c be always 
similar to ABCy ABb being a 
straight line. Let also ordinates 
bdy ce he drawn meeting the se- 
cant; and let AFGfg be a tan-« 
gent to ABCy and therefore io Abe. 
(Prop. 6.) 
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Let Ae remain constant while C and B approach inde- 
finitely to A. The angle cAg or CAG will vanish; the 
triangles Abd^ Ace will ultimately coincide with the triangles 
^fdf ^ge; and the areas J 6 d, Ace will ultimately be in 
the same ratio as the areas Afd^ Age ; namely, by similar 
triangles, as the squares of Adj Ae. But the areas ABD^ 
ACE are proportional to the areas Ahd^ Ace; and AB^ 
AD are proportional to J 6, Ady by Prop. 6. Hence it 
follows that ABD^ ACEy are ultimately as the squares of 
AD, AE. 

Peop. X. 
If a body move with any finite (variable) velocity, 
and if there be taken a curve of which the abscissas 
represent the times, and the rectangular ordinates the 
velocities of the body at the times respectively; the 
areas of the curvilinear space intercepted by the ordi- 
nates will be proportional to the space described in 
the respective times. 

Let the ordinates of the curve BCy from D to Ey 
represent the velocities, at the times which are represented 
by the abscissas from AD to AE; the area BDEC will be 
proportional to the space described in the time DE. 

Let the time DE be divided into any small portions, 
DM, MN, NO, OEy and let the 
ordinates Mm, Nn, Oo, be drawn, 
and the parallelograms BM, mN, 
n O, o£, be completed. If the body 
were to move during the portion 
of time DM with the velocity which 
it has at the beginning of that 
portion, the space would be pro- 
portional to the velocity and time 
jointly; and therefore proportional 
to the product DM and DB, or to the rectangle BM. In 
like manner, if the body were to move during the portion 
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of time MN with the velocity which it has at the beginning 
of that portion, the space described in that portion would 
be proportional to the rectangle mN\ and similarly for the 
other portions. 

Therefore if the body were to move during each of the 
portions of time with the velocity which it has at the be- 
ginning of that portion, the whole space described would be 
proportional to the sum of the rectangles BMy mNy nO^ oE. 

But if the number of these portions be increased indefi- 
nitely, and the magnitude of each portion consequently in- 
creased indefinitely, the space thus described will have for its 
limit, the space described by the variable velocity, in the whole 
time, by Article 14. 

And on the same supposition, the sum of the rectangles 
will have for its limit the curvilinear area BDEC9 by Prop. 3. 

Therefore the space described in the whole time, will be 
proportional to the curvilinear area BDEC. Q. e. d. 

Cor. 1. The velocity at any point is the limit of the 
quotient of the increment of the space, divided by the cor- 
responding increment of the time, when these increments 
vanish. 

For, completing the parallelogram BDEG^ 

BD^DE^BDEG; 

^ ^^ BDEG BDEC BDEG 
and BD = ^^ — — =-=- x ^^„^ ; 
DE DE BDEC 

and when DE vanishes, the limit of - is 1, by Cor. 4, 

BDEC 

BDEC 
to Prop. 3. Therefore BD is equal to the limit of — ^^ ■ 

when DE vanishes. 

But BD represents the velocity, DE the increment of 
the time, and BDEC the increment of the spaces. 

^, * , . ,. . i. increment of space 

Therefore velocity = limit of -: 5--: — • 

•^ increment of time 

c2 
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Prop. XL 



If a body move by the action of any finite (variable) 
force, and if there be taken a enrve of which the abscis- 
sae represent the times, and the (rectangular) ordinates 
the force at the times respectively, the areas of the 
curvilinear spaces intercepted by the ordinates will be 
proportional to the velocities generated in the respective 
times. 

Cob. 1. The force at any point is the limit of the 
quotient of the increment of the velocity, divided by the 
corresponding increment of the time, when these increments 
ultimately vanish. 

This Proposition and Corollary are proved from Article 
15, in exactly the same manner as Prop. 10. from Article 14, 
substituting in the proof, " force^' for " velocity^\ " velocity ** 
for "space,^ and "velocity generated''' for "space described.'*^ 

Cor. 2. The construction to Prop. 10. being made, and 
BF being drawn a tangent at J?, meeting EC in F, the force 
in this construction at the time AD is represented by the 

fraction --- . 
BG 

For by Cor. 1, the force at the time ^D is equal to the 

,. . ^ increment of velocity .... 

limit of — : jr—. ^-; that is, it is equal to the 

increment of time 

limit of -=r:=, when DE vanishes. But when DE vanishes. 
DE 

OC^ r»/nr 

C comes up to B, and by Prop. 8, the limit of — — is . 

JjE DE 

r^, , FG FG ^ ^ 

Therefore, ^r^ or -— — represents the force. 
DE BG 

FC 

Cor. 3. In this construction, if the force be finite, — — 

is finite, and the curve makes a finite angle with the abscissa. 
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Peop. XII. (Newton, Lemma x.) 

If a body be urged by any finite force, the spaces 
described from the beginning of the motion, when they 
are taken indefinitely small, are ultimately as the squares 
of the times. 

Let the construction of Prop. 10. be made. And since 
the spaces are taken from the beginning of the motion, 
when the velocity is nothing, the curve, the ordinates of 
which represent the velocities, will meet the abscissa; and 
since the force is finite, will meet the abscissa at a finite 
angle, by Cor. 2. to Prop. 11. 

Let ABC (see fig. p. 33) be this curve, AD^ AE being 
any two times; therefore by Prop. 10, the areas ADByAEC 
will represent the spaces described from the beginning of the 
motion. But by Prop. 9, these areas are ultimately (when AD, 
AE are indefinitely diminished,) as the squares of the AD and 
AE. Therefore, the spaces described from the beginning of 
the motion, when the times are indefinitely diminished, are as 
the squares of the times, a. e. d. 

Cor. 1. If the force be constant, the velocity DB in- 
creases proportionally to the time AD, and ABC is a straight 
line. 

Cor. 2. Hence the space described in any time by the 
action of a constant force from rest, is equal to half, the 
space described in the same time with the velocity last 
acquired. 

For the space described in the time AE is represented 
by the triangle AEC, while the space described in the time 
AE with the last acquired velocity EC, is the rectangle 
AE X EC, which is double the triangle. 

CoR. 3. When the force is not constant, the space de- 
scribed from the beginning of the motion is ultimately half the 
space described in the same time with the last acquired velocity. 

For both these spaces are ultimately equal to what they 
would have been had the force been constant, as appears by 
the figure. 
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Cob. 4. If / represent a constant force, measured by the 
velocity which it would produce in a time 1, ft will be the 
velocity produced in time t^ and therefore, by Cor. 2, \f^ 
will be the space described from each in a time /, 

CoE. 5. Since « the space = \f^^ and « =/^, «*= 2/. \f^y 
whence tj' = 2/«. 



Prop. XIII. (Newton, Lemma xi.) 

In curves of finite curvature, the subtense of the 
angle of contact is ultimately as the square of the con- 
terminous arc. 

Case 1. When the subtense is perpendicular to the 
tangent. 

Let AB be the arc, Ah diVi^ other arc; let jBD, 6rf, both 
perpendicular to AD^ be subtenses ; and let 
JBG, hg be drawn perpendicular to the chords 
AB^ A by meeting in G, g^, the line AGg per- 
pendicular to AD, The semi-circle described 
on ^G will always pass through the point B. 

The curvature of the curve at A is the 
same as the curvature of the circle which is 
the limit of the circle ABG (Art. 11). But 
the curvature of the curve at A is finite; 
therefore the curvature of the limit of the 
circle ABG is finite; therefore (Art. 12.) 
the diameter of the limit of the circle 
ABG is finite; therefore AG has a finite limit. 

Let this limit be AL Therefore AI is the ultimate value 
of AG and of Ag. 

The triangles BDA, ABG are similar ; (for they have 
right angles BDA^ ABG^ and equal angles DBA^ BAG.) 

Therefore GA : AB :: AB : BD; 
and therefore AG y^ BD ^ AB\ 




;2 



DOCTBINE OF LIMITS. 39 

In like manner Ag x bd^i Ab\ 

AB" GA X BD AG BD 

Hence, -ttt = — :: « x . 

AV" gA ^ bd Ag bd 

And ultimately AG9 Ag are each equal to AI, and there- 
fore equal to each other. (Art. 26.) Therefore ultimately 

^G . ^ ^ ,. , AB' BD 

-— e= 1 ; and therefore ultimately — --- = -—- . 
Ag ^ AV bd 

Therefore ultimately = \-^ — r-rrr 

bd (chord Ab) 

but ultimately -; t—t-- « ---; by Prop. 7; 

chord ^D arcJA 

UP 1. y BD (arc ABy 

therefore ultimately -— - « -^ 7-^ ; 

bd (aicAby 

therefore ultimately BD : bd :: (axe ABy : (arc J 6)*. 

Case 2. Let the subtenses BD9 bd^ be inclined to the 
tangent BD at equal angles. Then BCj bcy 
being perpendiculars as before, BD : bd :: 
BC : be by similar triangles; and BC : be :: 
(ABy : (A by by the former case; therefore, 
in this case also, BD : bd :: (ABy : (Aby. 

Case 3. Let the subtenses BDy bdy be 
inclined to AD at an angle, variable according 
to any law, but ultimately finite. 

Let JSC, 6e be drawn parallel to the ulti- 
mate position of the subtense BD. Then BD 
is to BC ultimately in a ratio of equality. In 
the same manner 6 d is to 6 c ultimately in a ratio of equality. 
Therefore ultimately 

BD : bd :: BC : be :: AB" : Ab\ by the last Case. 
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CoE. 1, If ^F be a chord of the circle of curvature 
parallel to the subtense JB2>, ultimately ^ ^,s^° 
AV.BD^Aiy. For in the circle 
ABWj the angle BWA is always equal to 
BAD, and BAW to ABD. Therefore 
the triangles ABD, WAB are similar; 
therefore AW i AB :\ AB i BD, and 
AW.BD^Am. 

And ultimately AW becomes AV, 
AB becomes equal to AD, and the 
circle becomes the circle of curvature 
AOV: 

Therefore AV.BD^AD^ ultimately. 

CoE. 2. If DA, DC are two tangents meeting in D, 
uUimatelyp when C comes up to A, 
DC^DA. 

Draw a subtense BD, and AV, CX 
the chords of curvature parallel to it. 
Then by the last Corollary, 

AV.BD^DA\ CX.BD^DC. 

Therefore, 

DC? : DA^ :: CX.BD : AV.BD 

:: CX : AV 

and therefore ultimately DC : DA^ are 
in a ratio of equality, and DC = DA. 

SCHOLIUM. 

ON POINTS WHEEE THE CUEVATUEE IS NOT FINITE. 

1. Def. If AB,. AC be two curves 
having a common tangent AD; and if DCB 
be the subtense; the ratio of the angles of 
contact BAD, CAD of the curves AB, AC, 
is measured by the ultimate ratio of the 
subtenses BD, CD, 
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2. Prop. If the subtense DB be as AD^y and DC as 
A LP 9 the angle of contact of ^C is infinitely less than that 
of AB. 

For let dbcy parallel to DCB, be drawn; then 

DB : db :: AD" : Ad^ by hyp. 

Whence DB" : dV" :: AD^ : ^d» 

also DC : dc :: JI>» : AO^ by hyp. 

whence DC : dc* :: JZ^ : JcP 

therefore D5« : db^ :: DC : d<? 

and 2>1?3 : dfi^ :: 2>(? : DC.d(? 

or DS* : DC« :: dW : DC.dc". 

Let Adj and therefore d&, dc, remain finite, and let AD 
be indefinitely diminished. Then ultimately DC vanishes, and 
the ratio db^ : DC.dc^ becomes infinitely great. Therefore 
the ultimate ratio of DB^ : DC is infinitely great ; and there- 
fore so also is the ratio of DB : DCf and that of the angle 
of contact BAD to CAD. 

3. Prop. If the subtense DB (fig. above) be as AD^ 
and DC as AD"^ where m is less than n, the angle of 
contact of AC with AD is infinitely less than that of AB. 

For because 

DB : db :: AD"" : dd^, DB^ : dfe* :: ^D"*" : ^d*"* 
so DC : dc V. ALT : Ad'', DC : d(f :: ^D"" : Jd"" 
hence DS" : d6» :: DC" : dtJ*. Multiply by DC-"^ 
DB* : db* :: DC : DC"* dcT 
or DB* : DC" :: db* : DC*"*dcr. 

When D approaches indefinitely to A, DC vanishes, and 
therefore DC"^ vanishes, because n-w is positive ; but d6, dc 
remain finite. Therefore the ratio DB* : DC becomes in- 
finite; and therefore the ratio DB : DC, and that of the angles 
of contact BAD to CAD. 

4. CoE. Hence if DB be made successively to vary as 
AD", AD\ AD", AU", AD^, AD\ &c. we shall have an infinite 
series of angles of contact each infinitely less than the pre^ 



42 



DOCTRINE OF LIMITS. 



ceding ; and if we take DB successively as AB^j AD^j AD^y 

5 6 2 

AD^, AD^y AD^9 &c. we shall have another infinite series of 
angles of contact, of which the first is of the same kind with 
the angles of contact in circles (Prop. 13), the next infinitely 
greater, and each angle infinitely greater than the preceding. 
Moreover between any two of these angles we may insert a 
series of mean terms, infinite in each direction, of which each 
is infinitely less or infinitely greater than the preceding one. 
Thus between the terms AD'^ and AD^ vre may insert the 

series AD^, AD^, AD\ AdK ^dK AD^, AD^y AD^y &c. 
And again, between any two of the angles of this series, we 
may insert a new series of intermediate angles, diflfering from 
each other by infinite intervals. And there is no limit to 
this progression of properties. 

6. Def. When the circle of curvature is ^ 
infinitely largCy the curvature is considered as 
infinitely smally and conversely. 

6. Prop. If the angle of contact of AC 
be infinitely less than that of ABy the diameter 
of the circle of curvature of the former curve 
will be infinitely greater than that of the latter. 

Let BCD be perpendicular to ADy BG to 
ABy CH to AC, 

Then AG.BD^AB^y AH.CD^AC. 

And ultimately AB^ = AC^y therefore ultimately 

AG.BD^AH.CD; 

or ultimately AG : AH :: CD : BD. 

If therefore CD be infinitely less than BD ultimately, 
AH will ultimately be infinitely greater than AG: that is, 
the diameter of curvature of AC will be infinitely greater. 

7. CoR. 1 . The curvature of a curve is infinitely less than 
that of another curve, when the circle of curvature is infinitely 
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greater. Hence propositions concerning the curvatures agree- 
ing with those already proved concerning the angles of contact 
(Arts. 2, 3, 4 of this Scholium) 'are true. 

8. Coil. 2. The curvature of a circle and of any conic 
section is finite. Hence Prop. 13 is true of all points of 
such curves; but not of points of curves where the curvature 
is infinitely greater or infinitely less than that of a circle. 

SCHOLIUM. 

ON CERTAIN AXIOMS AND PROPOSITIONS IN MECHANICS. 

1. In the elementary parts of the science of Mechanics, 
certain axioms are employed of the following kind: (see 
Mechanical Euclid, Book i. Def. 14, 15, l6) : that a heavy 
line may be supposed to be constituted of a row of heavy 
points ; that a heavy plane may be supposed to be constituted 
of lines ; and that a heavy solid may be supposed to be con- 
stituted of a series of planes. But these suppositions are not 
consonant to geometrical notions, since points cannot make 
up a line, or lines a plane, or planes a solid. To make the 
reasonings satisfactory, in which such axioms are employed, 
we must introduce the notion of Limits; and must employ 
the following axioms, by means of which the reasonings, with 
a slight alteration, will be valid. 

2. Axiom. A heavy body being supposed to be divided 
into particles, and each particle collected at a point in the 
particle itself, the mechanical effect of all the particles is, 
ultimately^ (when the magnitude of each particle is diminished 
indefinitely,) equal to the effect of the body. 

3. In nearly the same manner the reasoning may be 
made satisfactory concerning fluids. In order to avoid the 
use of limits in the elementary propositions of Hydrostatics, 
we employ an axiom of this kind : (Mechanical Euclid, B. ii. 
Axiom 7.) : that finite pressures and weights which are equal, 
except so far as the effect of a single particle is concerned, are 
absolutely equal. The propositions which are proved by 
means of this axiom, may be more rigorously enunciated and 
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proved by taking the limiting propositions; namely, when 
the particle becomes indefinitely smalL For example, we 
shall have, instead of Prop. 3. (Mech. Euclid, B. ii.) this 
Frpposition ; — In a fluid at rest, the pressures upon a particle 
in different directions are ultimately (when the particle is 
indefinitely diminished) equal. And the whole of the reason- 
ing may be accommodated to this statement of the Pro- 
position. 

4. In the doctrine of motion also (Mech. Euclid, B. iii.) 
certain Propositions are assumed as axioms, in order to avoid 
the introduction of Limits. For instance. Axiom 3 : — If two 
bodies move, having their velocities at every instant in a con- 
stant ratio, the spaces described in any time by one body and 
by the other will be in the same ratio. 

This Proposition may be demonstrated by means of 
Article 14 of this Book. For if the time be divided into any 
small portions, and if the two bodies move, retaining for each 
of these portions, the velocities which they have at the be* 
ginning of each portion ; the spaces in the corresponding 
portions of each motion will be in the constant ratio of the 
velocities of the two bodies; and hence the whole space 
described by one body and by the other on this supposition 
will be in the same ratio. But the spaces described by the 
bodies on this supposition, have for their limits (when the 
portions are indefinitely diminished) the spaces described with 
the constantly varying velocities. (Art. 14 of this Book.) 
Hence the latter spacea are in the constant ratio, as was 
asserted. 

5. In exactly the same manner may be proved the Pro- 
position assumed in Axiom 9, (Mech. Euclid, B. iii. Prop. 13.) 
— that if two bodies move so that their accelerating forces 
at every instant are in a constant ratio, and are in the direction 
of the motion, the velocities added or subtracted in any time 
are in the ratio of the accelerating forces. This would follow, 
from Art. 15 of this Book. 

6. The other Proposition stated as Axiom 8, (Mech. 
Euclid, B. HI.) would be proved nearly in the same manner. 
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CONIC SECTIONS. 



1. The Conic Sections which we here consider are the 
Parabola, Ellipse, and Hyperbola. 

THE PARABOLA. 

The Parabola is a line in which every point is equally 
distant from a given point (the foctu)y and a given straight 
line (the directria). 

It has appeared (B. i. Art. 13), that in this curve 
if A be the vertewy AM the abscisaa, PM the ordinate^ 
S the focusy 4^ AS. AM « PM^. Also EA = SA. 

Pkop. I. 
In the parabola the tangent at any point bisects 
the angle made by two lines, one drawn to the focus, 
and one, perpendicular to the directrix. 

Let P be any point in the 
parabola, and Q a point near 
it. Take in SQ, Sp^'SP, 
and draw QO perpendicular 
aod Pq parallel to the direc- 
trix. 

By the property of the 
parabola, SQ = QO and SP 
^PH; hence 

SQ-SP^QO-PN, 

or Qp s Qq. 

Also, since Sp = SP, the angles SPp, SpP are ulti- 
mately equal, and when PSQ vanishes, are each ultimately 
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a right angle. Therefore PpQ is ultimately a right angle; 
also PgQ is a right angle. 

Hence the ultimately right-angled triangles PpQf PqQf 
which have a common side PQ, and sides Qp, Qq equal, are 
ultimately equal in all respects*. Therefore ultimately the 
angles PQp^PQq. 

fiut ultimately 
PQp or PQS^^SPX, and PQq or PQO^^XPH; 
wherefore ultimately XPS = XPH. 

But the ultimate position of QPJCj when Q comes to P, 
is a tangent at P. Therefore if TP be a tangent, 

SPT^HPT, 



Peop. II. 
In the parabola 2W= SAM. 

For since SPT^HPT^PTS, ST^SP^PH^DM, 
DH being the directrix. 

Hence taking away SD^ 
DT^SM, and adding DA^SA, 
TA^AM, whence TM^ZAM. 

CoE. 1. If SY be perpen- 
dicular on PT, PY^ YT9 be- 
cause SP^ST. Hence AY is 
perpendicular to AM. 

CoE. 2. The angles ASY, YSP are equal ; hence 
AS : SY :: AS : SP and SY^^AS.SP. 




* For ultimately P^«=PQ«- Q^« = PQ«-. QjB« = Pp«, and Pq^Pp. 
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Prop. III. 

If QF be parallel to the tangent at P, and PF 
parallel to AM, ^SP.PF= QV: 

Let QY meet the axis in U, and let the ordinates QJVT, 
PM be drawn, and let PV meet 
QN in 0. 

By the property of the para- 
boU 4,AS.JM=PM^, whence 

AM PM , 2JM ZPM 



PM ^ ZAM 
— TT-. and _-, • 
4>AS PM 



*AS' 
But by similar triangles 

NU QN ZQN 

mt" pm' spm' 

Hence, compounding, (since MT= 2 AM) 




NU 
PM 



2QN 

*AS' 



and 4,AS.NU = iQN.PM. 

Also iAS.AN^QN' and iAS.AT^PM*; because 
AT'^AM. 

Hence 4iAS . NT = QN* + PM* : and we have already 
proved that 4iAS . NU ^iQN . PM; hence, subtracting 

^AS. TU= QN*-iQN. PM+PM* = (QN 
or 4, AS. PV^QOf. 

ST' 

sr' 

SP 
AS 



SP* 



PMf 



(Cor. 2. Prop. 2, and its fig.) 
4SP.Pr 



And Q0* = 4^iS'.PF: therefore QF*»4^P.Pr. 
Cor. 1. If QF meet the parabola again in Q, Q[V-QV. 

For Q[V* 's iAS. PV, by the same reasoning as before 
= QV*, where 0^7= QV. 
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CoE. 2. The line drawn through P parallel to the axis 
bisects all the lines drawn parallel to the tangent at P. 

The line PV is called a diameter of the parabola, to the 
ordinate QQ' and others parallel to QQ!; and 4SP is the 
parameter to this diameter, or to the point P, 

THE ELLIPSE. 

The Ellipse is a line in which every point has the sum 
of its distances from two given points (the foci) equal to 
a constant quantity. 

It has appeared (B. i. Arts. 14, 15, l6, 17) that the sum 
of the distances from the foci is equal to the aans majoTy 
or line passing through the foci and limited by the ellipse. 

Also that 6, the f a^io of the distance between the foci 
to the major axis 2 a, is the ewcentridty ; and if V^d^{l -c*) 
b is the aa%8 minor. 

Also, that if a semi-circle be described on the axis major, 
the ordinates of the semi-circle and of the ellipse are in a 
constant ratio. 

The point or line in the circle corresponding to any point 
in the ellipse has been termed the circular projection of the 
point or line. 

The middle point of the major axis is the centre of the 
ellipse. 

A diam>eter is any line drawn through the centre of the 
ellipse ; its vertex is the point where it meets the curve ; and 
ordinates to this diameter are lines in the curve parallel to 
the tangent at the vertex. 

A diameter conjugate to another is a diameter parallel 
to a tangent at the vertex of the other. 

Prop. III. 
In the ellipse, the tangent at any point makes 
equal angles \n\h two lines drawn to the foci. 
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Let P be any point in the ellipse ; Q a point near to P; 
S^ H the two foci. And let Sp 
be taken in SQ equal to SP^ and 
Hq in HP equal to HQ. 

By the property of the ellipse, 
SP ^ PH^SQ + QH; whence, 
PH^ QH^SQ-^ SPy or Pq = Qp. 

Also, since Sp = SP the angles 
iSPp, *ypP are equal, and when PSQ vanishes are each 
ultimately a right angle. Therefore, PpQ is ultimately a 
right angle; and for the same reason PqQ is ultimately a 
right angle. 

Hence, the ultimately right-angled triangles PpQ^ PqQy 
which have a common side PQ^ and the sides Pg, Qp ulti- 
mately equal, are ultimately equal in all respects. There- 
fore ultimately the angles PQp = QPq- 

But ultimately, 
PQp or PQS^XPS*, and QPq or QPH^^WPH; 
therefore ultimately XPS = WPH. 

But the ultimate position of QPX, when Q comes to P, 
is a tangent at P. (B. ii. Art. 7.) Therefore if ZPY be a 
tangent, YPS^ZPH. 

CoE. 1. The tangents at the two extremities of any 
diameter are parallel. 

For if PHGS be a parallelogram, SG + HG^SP-^ HP, 
whence 6 is a point in the ellipse ; and it is easily seen that 
the tangent GU is parallel to PZ. 

CoE. 2. By the same figure, CG = CP, or the center 
bisects any diameter. 

Prop. IV. 
A tangent to an ellipse at any point, and the tan- 
gent at the circular projection of the point, meet the 
axis in the same point. 

• In the diagram, the point Q should be in the curve, WPX should be the 
line WP produced, and ZPV should be the line ZP produced. 
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Since PT makes equal angles with PH and SP pro- 
duced, 




ST : HT :: SP : HP, (Euc. vi. a.) 

Hence, ST + HT : ST - HT :: SP + HP : SP - HP, 

or 2Cr : SH :: 2AC : SP-^HP, 

But 5'JI : 2^C :: SP - HP : SM-HM*. 

Therefore compounding the last two proportions, 

2Cr : 2AC :: ^AC : SM^HM(^2CN). 

And CT : AC :: AC : CM. 

Let ApZ be the circular projection of the ellipse APZ, 
p the circular projection of P; and join pT. Since CM : CA 
:: CJ : CT, we have CM : Cp :: Cp : CT. Therefore 
the triangles CMp, CpT, having a common angle pCT, are 
similar. Therefore the angle CpT is equal to CNp, and is 
a right angle. Therefore CpT is a. tangent to the circle 
at p. 

Prop. V. 

In an ellipse, a diameter and its conjugate diameter 
have their circular projections at right angles to each 
other. 

Let CP be a semi-diameter ; CD, parallel to the tangent 
PT, its conjugate.. Let ApZd be the circular projection 
of the ellipse APZD ; p, d being the circular projections of 

• For SP'-SN^=P3P^HP»-HAP; whence SP»-HP»^S3P-HM': 
therefore {SP+HP){SP-HP) = {SN+HM){SN^H3f) or 2AC.{SP^HP) 
^SH(SM-HM)^ whence the proportion. 
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P, JD; and let PT, pT, DU, dU be tangents to the ellipse 
and to the circle. (Prop. 4.) 




Since Mp^ Ed are perpendicular to CA^ by similar tri- 
angles CM .MT^Mp^^ hence (B. i. Art. 17) 

CM.MT : MP" :: £cP : EI^, 
and CM . MT : EO" iiMP^iED"; 
whence CM.MT : Ed!" :: MT" : CE", by paraUels PT, C/>, 
whence CM. MT : MT^ :: £d* : CI^, 
or CM^ : CM.MT :: £(P : CE" ; 
therefore CJf^ : Mp^ :: £cP : CI?, 
and CM : ilfp :: Ed : EC. 

Hence the triangles CMp^ dEC are similar, the angle dCE 
is the complement of MCp, and pCd is a right angle. a.E.D. 

Cor. 1. If CD be conjugate to CP, CP is conjugate 
to CD. 

CoE. 2. C3f = Ed, and C£ == Mp. 

Cor. 3. CP'+CD' = AC' + BC?. 

For CP^^Cr^^CM^ + MP'+CN^ + ED' 
^CM^-^ MP" + JIf p* + jBJD* 
- Cp^ ^^MP'^^ED'. 

D2 
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MP" + ED' MP" E^_Mf_ ££ 
BC? " BC^ BC' AC' "^ AC 



Mp' + CM' 
AC 



1. 



Hence MP'^Eiy^BC, and CP" + CI^ ^ AC -^ BC. 

Cor. 4. If Cif = a?, £d = a?, iJZ)* = -j^, 

and CE'^Mp'^a'^w'. 

Hence CD* = o^ _ ^2 ^ ^^2 ^ ^2 . ^^--a^ = a* - c^a?*. 

a* a* 

CoE. 5. In like manner Ci* « 6* + c*a?^. 

CoE. 6. SP.HP^ CU". For, as in Art. 14, Book i, 
SP « a + eo?, jyP = o - ca? : 

hence 5P • JSTP ^a' -^a?^ CI^^ by Cor. 4. 



Pkop. VL 

In an ellipse, if QF^ be an ordinate to a diameter 
CP9 CD the semi-conjugate diameter to CP\ 
PF. VG : QV :: CP : Ciy. 

Let APZD be an ellipse, 6P a diameter, QF an ordinate 
to the diameter, CD the semi- 
diameter conjugate to CP. 
Let ApZd be the circular 
projection of the ellipse ; 
p, g, d the circular projections ^' 
of points P, Q, Z). Let UV, 
perpendicular to JZ, meet 
Cp in V ; and join qv. 

By Prop. 5, Cd is a perpendicular to Cp. Also 
Uv : UV '.: Mp : MP, which is :: Nq : NQ. 
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Hence qv, QV will meet NU in the same point JC. And 
since VX is parallel to CD (because QF is an ordinate), and 
that UV : Uv :: ED : Ed, it is easily seen that Xv is 
parallel to Cd; and therefore qv is perpendicular to Cp: 
and hence Cij^ - Cv* ^ Cq^ - Cv" « qv^. 

Now CP" : CP :: Cp* : Cv^ ; 

.-. CP»-Cr* : Cp^'-Cv^ :: CP* : Cp»; 

.-. CP - Cr« : <^t?* :: CP^ : Cp\ 

Also qv* : QV* :: Cd!" (Cp*) : CD^; 

.*. compounding the two last propositions, 

CP'-CV* : QV* :: CP" : CD*, 

PF. VG : QP :: CP® : CD*. 



or 



Peop. VII. 
The parallelograms made by drawing tangents at 
the extremities of two conjugate diameters of an ellipse 
are all equal in area. 

Let APDZ be an ellipse, ApdZ its circular projection, 
k 




CPy CD two semi-diameters conjugate to each other : KL 
a parallelogram made by drawing tangents at the extremities 
of the diameters PCy DC. 
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• 

Draw HK perpendicular to AZ^ meeting in k the tangent 
of the circular projection at p. Therefore since the tangent 
of the ellipse and of its circular projection meet AZ in the 
same point T, we have HK : Hk :: MP : Mp^ that is, 
HK : Hk :: BC : AC. For the same reason the tangent 
at D will meet Hk in a point determined by the same pro- 
portion. Therefore the two tangents at p and d meet HK 
in the same point k. And Cp is at right angles to Cd and 
equal to it ; therefore Cpkd is a square. 

Now the triangles THK^ THk are as their bases 
HK : Hk; that is, 

THK : THk :: BC : AC. 

Also TMP : TMp :: BC : AC % hence the differences 
are in the same proportion; that is, 

trapezium MPKH : MpkH :: BC : AC. 

In like manner, trapezium EDKH : EdkH :: BC : AC. 

Also triangle CPM : CpM :: BC : AC, 
and triangle CDE : CdE :: BC : AC. 

Add together the two former of these four sets of pro- 
portionals, and subtract the two latter, and we have 

CPKD : Cpkd :: BC : AC. 

Whence, CPKD : Cpkd :: AC.BC : AC 

But Cpkd is equal to Cp^ or AC Therefore CPKD 
is equal to AC . BC. 

The parallelogram KL is four times the parallelogram 
CPKD. Therefore the parallelogram KL^4,AC.BC, and 
is constant. 

Coa. If PF be drawn perpendicular on DC, the paral- 
lelogram CPKD is equal to CD.PF. Therefore 

CD.PF^AC.BC, 
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THE HYPERBOLA. 

The Hyperbola is a line in which every point has the 
difference of its distances from two given points (the foci) 9 
equal to a constant quantity. 

It has appeared (B. i. Arts. 19, 20, 23) that the difference 
of the distances from the foci is equal to the aais major, or 
line passing through the foci, and limited by the hyperbola : 

Also, that if e be the ratio of the distance between 
the foci to the axis major 2a, e is the eccentricity; and if 
6^ = (e^ — l)o% b may be called the aads minor (although 6 
may be greater than a). 

Also, that if CM, MP be w and y, y' = -5 (a?" - a'). 

a 

Also, that there is an opposite hyperbola derived from 
the same property. 

Also, that these two curves have common asymptotes; 
and that the asymptotes make with the axis an angle 0, such 

that tan = - . 
a 

If we construct other hyperbolas in which the major 
and minor semi-axes are b and a respectively, these will be 
the conjugate hyperbolas. 

The conjugate hyperbolas have the same asymptotes as 
the original hyperbolas. . 

Diameter, vertex, ordinates, are defined as in the ellipse. 

A diam£ter conjugate to another is a diameter of the 
conjugate hyperbola, parallel to the tangent at the vertex of 
the other. 

Prop. VIIL 

A tangent at any point of the hyperbola bisects 
the angle made by two lines drawn to the foci. 
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Let P be any point in the hyperbola; Q a point near 
to P; iS, Hy the two foci. 
And let Sp be taken in SQy 
equal to SP, and Hq in HQ 
equal to HP. 

By the property of the 
hyperbola, 

HP-^SP^HQ-SQ', 

whence 

SQ-SP^HQ-HPy or Qp ^ Qq. 

Also since Sp = aSP, the angles SPp, SpP are equal, and 
when PSQ vanishes, are each ultimately a right angle. There- 
fore PpQ is ultimately a right angle; and also PqQ for the 
same reason. Hence the ultimately right-angled triangles PpQ^ 
PqOy which have a common side PQ, and sides Qp, Qq ulti- 
mately equal, are ultimately equal in all respects. Therefore 
ultimately the angles PQp = PQq. But ultimately PQp or 
PQS^XPS, and PQq or PQH ^ XPH : wherefore ulti- 
mately XPS = XPH, But the ultimate position of QPX, 
when Q comes to P, is a tangent at P. Therefore if TP be 
a tangent, SPT ^ HPT. 

Cob. 1 . The tangents at two extremities of any diameter are 
parallel. For if PG be a parallelogram, GS-GH^HP-SP, 
whence 6 is a point in the hyperbola ; and it is easily seen 
that the tangent GU is parallel to the tangent PT. 

CoE. 2. By the same figure CG = CP, or the centre 
bisects any diameter. 

Peop. IX. 

Any diameter of a hyperbola bisects all its ordi- 
nates. 

Let RQQ'R' be a line cutting the hyperbola and its 
asymptotes ; and V the bisection of RR\ Then (B. i. Art. 26) 
QR.QR' ^ tfR. Q'R'; that is, VR'' - Vi^" = VR'* - Vi^; 
whence FQ = VCt, and QR = (^R'. 
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Let RR' move parallel to itself, till the points Q and tf 
come together at P, and 
the line comes into the 
position OPO': then OPO' 
is a tangent ; and, as be- 
fore, we have PO = PC/. 

Hence, joining PV^ 
CPV is a straight line, 
and is a diameter. And 
QQ\ being parallel to the 
tangent 00\ is an ordi- 
nate ; and QQ' is bisect- 
ed by the diameter CV. 
a.£.D. 

Cob. If OP = Pff, as in B. i. Art. 27, the diameter 
conjugate to CP is parallel to PO. And if 0, \f/ be 
the angles which 00^ and PC make with the axis major, 

tan \j/ . tan = — , by that Article. 

Peop. X. 

In the hyperbola, if CD be conjugate to CP, CP 
is conjugate to CD. 

Let the angle PC A be \f/, and let be the angle which 
the tangent at P makes with the 
axis. Also let CP = r, PQ = 8. 
And let CB be the conjugate semi- 
axis to CJ; CJ=- a, CB = 6. 

By Cor. to Prop. 9, the angles 
0, yj/ are connected by the equation 

tan tan >// = -5 . 

^ ' a 

Now, if the line CD be drawn 
parallel to PQ^ meeting the conju- 
gate hyperbola in 2>, the angle 
DCB will be the complement of 
0. And if the tangent at D make with AC an angle >/r', it 
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will make with BC an angle which is the complement of \^'. 
And applying the formula, with these angles, to the axis 
CB (that is, putting b for a and a for 6), we have 

cotan yf/' cotan d) = — , or tan yl/ tan d) = -- : 
^ Ir ^ ^ or 

whence \//' = >|^, and the tangent at D is parallel to CP. 

Cor. The tangents at P and D meet the asymptote in 
the same point Q. 

For by Book i. Art. 29, 

ah 



CP^r = 



.y/(6^ cos*'^ y^f " or sin* >|f) ' 

ab 

^/{a^ sin^ (p -b^ cos* 0) ' 



Now, since CD is parallel to PQ, if it meet the conjugate 
hyperbola in D, the angle DCB will be the complement 
of (p ; and hence putting b for a and a for 6, and complement 
of <p for >|f in the formula for CP^ we have 

/y/(a^ sin^ (p — b^ cos* 0) 

Hence DQ is parallel to CP and therefore tangent at Z), by 
the Proposition. 



Prop. XL 

In the hyperbola, the parallelograms formed by 
tangents drawn at the vertices of any pair of conjugate 
diameters have all the same area. 

If PG*i DO be conjugate serai-diameters the tangents 
at P and G are parallel, as also at D and JT, by Prop. 8. 
Cor. 1. And the tangent at P is parallel to CD, and the 
tangent at D parallel to CP by Prop. 10. 

• Sec Diagram to Prop. 10. 
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Let the tangent at P meet the asymptotes in Q, Q' ; and 
let the tangent at D meet the asymptotes in Q, R\ (Prop. 10. 

Cor.) Then, by Art. 28, Book i. C(i » ^ t^ . 

But CR' will be found by putting a for 6, and 6 for a. 

Therefore, CR'^—^\ and CR'--C(^. In the same 

manner if RQi, RR' be the tangents at K and G, Ci? = CQ. 

Therefore the parallelogram QQRR' is four times the 
triangle QCA' \ 

or parallelogram = 2 QC . CQ' sin QCQ' = 2 (a^ + 6*) sin 2^. 

Buttan0 = -; hence cos = -7-^-=! ; sm20 = -- — - ; 

whence parallelogram » 4 a6; which is constant. 

CoE. 1. If PF be drawn perpendicular on CA PF . CD 
= AC.CB. 

Cor. 2. PD is parallel to Q!R\ and therefore to AB\ 
and is bisected by CQ. 

Prop. XII. 

In the hyperbola CD" - CP'' ^CB"- CA\ 

The equation to the hyperbola and to the conjugate 
hyperbola are respectively, 

For the former is the equation to the hyperbola by Book i. 
Art. 20. And since in the conjugate hyperbola we must put 
h for a, and a for 6, x for y, and y for a?, the equation is 

• a?* = -7- (y* - 6'), whence y* = -^ Cr* + a^) . 
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Now, if a?, a/ be the abscissas of P, J9, we have, 

tan ^ = - ae ; similarly, tan = ^ . 

X a w ^ ^ a w 

And as in Prop. 9> Cor. tan . tan >// = -^; 
therefore . , =» 1, and a? * = a?^ — a*. 

' Now, CP^ = o?%-,(o?«-aO = eV-6S since 6^= ^5^. 
And C2>« = ^" + ^ (a?" + aO = e'^' - «'• 



Hence C2>^ - Ci^=:6^-a^ 
CoE. 1. SP.HP^CDK 

For (B. I. Art. 18) SP^ew- a, ITP = eo? + a. 

Prop. XIII. 
In the hyperbola,* 

PF. FG : QF' :: CP' : CD'. 

Let qq be parallel to QQ'; then since by Book i. Art. 22. 

PV.VG : QV.VQ' :: Pv.vG :: qv.vq\ 
But by Prop. 9, FQ' = QF, and ug' = g«. 
Therefore, 
PF.FG : QV" :: Pv.vG : qv\ 

:: Ct>« - CP* : {vr - rg)% 



-(-^)-''(-3" 



* See Diagram to Prop. 9. 
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Now when Cv becomes very large compared with CP^ 
rq becomes very small compared with vr; and ultimately, 

when Cv becomes indefinitely great, the fractions — -— and — 

Cv^ vr 

vanish. Therefore, ultimately, 

PV, VG : QV^ :: Ct?* : vr'. 
But Cv^ : vr^ :: CP' : PCP both ultimately and always 
Therefore, PV. VG : QV' :: CP" : PO" 

:: CP" : CD*, by Prop. 10. Cor. 

Prop. XIV. 

In the parabola, to find the radius of curvature, the 
chord of curvature passing through the focus, and the 
chord of curvature parallel to the axis. 

Let PQI be a circle which has a common tangent with 
the curve at P, and cuts the 
cuive in Q*: then, by Book ii. 
Art. 1 1 , when Q comes to P, the 
ultimate value of this circle is 
the circle of curvature. 

Let PI, QK be chords pa- 
rallel to the axis of the para- 
bola; QF parallel to Pi?, the 
tangent ; S the focus. Then, 
by Prop. 3, A^SP. PV ^ QP, 
or, since 

PV^QR, and QV ^ PR, 
4>SP. QR^ PR' ^KR.QR by the property of the circle. 
Therefore KR^ ^SP. 

And when Q comes to P, KR becomes PI, the chord 
of curvature parallel to the axis. (B. i. Art. 11.) There- 
fore this chord = 4*S'P 

* The curve and circle should intersect at Q in the diagram. 
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Also, by Prop. 1, if PL be the chord drawn through 
the focus, PL and PI make equal angles with the tangent 
to the parabola at P; that is, with the tangent to the 
circle : hence they may easily be shewn to be equal, and 
PL the chord of curvature through the focus = 4iS'P. 

Again, if PM be the diameter of curvature, draw SY 
perpendicular on the tangent, and join LM\ and it is easily 
seen that the triangles SPY^ PML are similar. 



Hence PM = 



PL.SP ^SP" 



SY 



SY 



and PO9 the radius of 



curvature. 



SY 



Prop. XV. 

In the ellipse, to find the radius of curvature, and 
the chords of curvature passing through the focus, and 
through the centre respectively. 

Let the circle be described as in the last proposition; 




and let CP be a diameter, QR parallel to it, and QV parallel 
to the tangent PR. 



CONIC SECTIONS. 63 

By Prop. 6, GV. VP : QV^ :: CP^ : CI^, 
or since FP = QR, and QV* = PR"" = QR . RK, 
GV : RK :: CP' : CIT. 

And ultimately, when Q comes to P, GF becomes 2CP; 
and iZJr becomes P/, the chord of curvature through the 
centre: hence 2CP : PI :: CP^ : CB^. 

2Ciy 

PI = , the chord through the centre. 

Also if PM be the diameter of curvature, PM is perpen- 
dicular to the tangent at P, and therefore to CD : let it meet 
CD in F. 

By similar triangles, PI : PM :: PF : CP\ 
whence, PM.PF^ PI. CP^^CD\ by what precedes. 

2 ciy CD^ 

Hence, PM = ■ , and PO = -^=- the radius of curva- 
ture. 

Also if PL be the chord through the focus, let it meet 
CD in E; then PE^JC; for i{ Hh be drawn parallel to 
CE, SE^Eh; whence 2PE = PS + Ph^^ PS +PH, be- 
cause PJT, PS make equal angles with PJR, and therefore 
with JTA. 

Join ML. Then by similar triangles, PFEy PLM, 

PM : PL :: PE : PP; 

hence PL. PE = PM , PF = 20^" ; 

2 CJ9' 2 CD^ 
PL = = , the chord through the focus. 

CoE. The radius of curvature, and the chords of curva- 
ture through the centre and focus of a hyperbola, will be 
expressed by the same formulae as in the ellipse ; the letters 
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being put at corresponding points. For the properties which 
are employed in the demonstration are all true for the hyper- 
bola as well as the ellipse. 

Hence in the hyperbola, 

radius of curvature « -— -- , 

PF 

chord through the centre = 



chord through the focus == 



CP 
AC ' 



SCHOLIUM. 

DEFINITIONS FROM EUCLID, BOOK XI. 

1. A sphere is a solid figure described by the revolution 
of a circle about its diameter, which remains fixed. The 
ams of the sphere is the fixed straight line about which the 
semicircle revolves. The centre of the sphere is the centre 
of the semicircle. A diameter of the sphere is any straight 
line which passes through the centre, and is terminated both 
ways by the surface of the sphere. 

2. A right cone is a solid figure described by the re- 
volution of a right-angled triangle about one of its sides, 
which remains fixed. The ama of the cone is the fixed 
straight line about which the triangle revolves. The base 
of the cone is the circle described by the side containing 
the right angle which revolves. The vertex of the cone is 
the extremity of the axis which is not in the base. The 
slant side of the cone is the hypothenuse of the right-angled 
triangle. 

A frustum of a cone is a part cut off by a plane parallel 
to the base. 

3. A cylinder is a solid figure described by the revolution 
of a right-angled parallelogram about one of its sides which 
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'remains fixed. The cuvis of the cylinder is the fixed straight 
line. The bfzsia of the cylinder are the circles described by 
the two sides which revolve each round a fixed extremity. 

A rectangular prism or parallelopiped is equal to the pro- 
duct of its base and height. 

Prop. XVI. 

The circumferences of circles are as their radii. 

For if, in two circles, any two similar parallelograms be 
described, the perimeters of these circles are as the radii, 
by the Lemma to Prop. 5, B. ii. And hence this is true 
always, it is true at the limit, when the number of sides of 
the polygons is indefinitely increased. But the limit of the 
perimeters of each polygon is the circumference of the cir- 
cumscribing circle. Therefore these circumferences are in the 
ratio of the radii. 

Cor. If TT be the semi-circumference of the circle of 
which the diameter is 1, 2 irr is the circumference of the circle 
of which the radius is r. 

Prop. XVIL 
The area of a circle is the rectangle of the cir- 
cumference and half the radius. 

For if any regular polygon be inscribed in the circle, 
the area of this polygon will be equal to the area of all the 
triangles of which the bases are sides of the polygon, and 
the vertex the centre of the circle. And each of these poly- 
gons is half the rectangle of the base, and the perpendicular 
drawn from the centre upon the base. Therefore the whole 
polygon is the rectangle of the perimeter of the polygon, 
and half the perpendicular drawn from the centre upon any 
of the sides. And this is true at the limit, when the number 
of sides is indefinitely increased. But at the limit the per- 
pendicular becomes the radius of the circle, the perimeter 
becomes the circumference of the circle, and the area of the 

E 



66 CONIC SECTIONS. 

polygon becomes the area of the circle. Therefore the area' 
of the circle is equal to the rectangle of the circumference 
and half the radius. 

CoE. 1. If r be the radius, ^r* will be the area. 

Cob. 2. In like manner it may be shown, that the area 
of a sector is equal to the rectangle of the arc and half the 
radius. 

Prop. XVIII. 

The solid content of a cylinder is equal to the pro- 
duct of the base and axis. 

For upon the base may be erected rectangular prisms, 
occupying the whole of the cylinder except those portions 
which are left by the rectangular form of the prisms, as if 
prisms and a cylinder were erected upon the figure to Prop. 2. 
Book II. And each of these prisms will be equal to its base 
multiplied by its height, that is, by the axis of the cylinder. 
And therefore the sum of the prisms will be equal to the sum 
of the bases multiplied by the axis of the cylinder. And this 
will be true at the limit. But, at the limit, the sum of the 
bases of the prisms becomes equal to the circular base of the 
cylinder. And the limit of the sum of the prisms becomes 
equal to the cylinder, by Book ii. Prop. 3. Cor. 5. Therefore 
the cylinder is equal to the product of its base and axis. 

CoE. If r be the radius of the base, a the axis, the solid 
content of the cylinder is irr^a. 

Prop. XIX. 
The curve surface of the cylinder is equal to the 
rectangle of its axis and the circumference of its base. 

For if the surface be cut, along a line pai'allel to the axis, 
it may be unfolded into a rectangle of which one side is the 
axis of the cylinder, and the other the circumference of the 
base. 
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Prop. XX. 

The curve surface of a (right) cone is equal to a 
sector of a circle of which the radius is the slant side 
of the cone, and the arc is the circumference of the hase. 

For if the curve surface of the cone be cut, along the slant 
side, it may be unfolded into a plane. And this plane will be 
a sector of a circle, because each point of the base is equally 
distant from the vertex ; this distance being the slant side, 
and the arc being the circumference of the base. Hence the 
curve surface of the base is equal to the sector above described. 

CoE. If r be the radius of the base, and 8 the slant side, 
the curve surface of the cone is irrs^ by Prop. 17, Cor. 2. 

Prop. XXI. 

The area of a parabola cut off by its ordinate is two- 
thirds of the circumscribing parallelogram. 

Let two ordinates MP, NQ be a h k 

drawn, and PH^ QK parallel to the 
axis, meeting the tangent at the ver- 
tex ; and let MP meet QK in O. 

By the property of the parabola, 

MP':=iAS.AM, NCt=^4>JS.AN, whence 

NQ^ - MP' = 4>JS . MN; or since NQ^MP+ PO, 

2MP.PO^ PO'^^AS.MN; wherefore 

PO : MN :: 4^^ : 2MP + PO 

:: 4. AS. AM : 2AM.MP + AM.P0 

MP^ : ^AM.MP-^AM.PO 

. ,>r AM.PO 

:: MP : 2ilJf + — tf^t- - 

MP 

e2 



X M 


^- p 


"N 
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But when Q comes to P, — 7^^ — vanishes. Therefore 

ultimately 

PO : MN :: MP : 2AM. 

Hence ultimately AM.PO : MP.MN :: 1 : 2; 

or the parallelogram NP is ultimately double of the paral- 
lelogram PK. 

And if a series of parallelograms be inscribed in the curvi- 
linear spaces AMP^ AHP^ by taking a series of points in the 
curve, each parallelogram in the space AMP will ultimately 
be double of the corresponding parallelogram in AHP* 

Therefore, by Book 11. Prop. 4, the curvilinear space 
AMP is double of the curvilinear space AHP. 

And these two spaces together make up the parallelogram 
MH. Whence AMP is two thirds and AHP one third of the 
parallelogram. 

Prop. XXII. 

If a sphere and its circumscribing cylinder have the 
same axis, and be cut by planes perpendicular to the 
axis, the intercepted portions of the surfaces are equal. 

Let CA be the axis ; AB a quadrant of 
the generating circle of the sphere; ACBD 
a square; then the cylinder circumscribing 
the hemisphere is generated by the revolu- 
tion of the square ACBD. 

Let MPR9 NQS be lines perpendicular 
to the axis, PQ the chord of the circular 
arc PQ. Then, when the figure revolves about the axis C-4, 
PQ generates the surface of a frustum of a cone ; and if QP 
meet CA in F, V will be the vertex of this cone. The surface 
will be the difference of the surface of the cones generated by 
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the lines FQ, VP. It will therefore (Prop. 20) he irVQ.NQ 
— TT VP . MP. And the cylindrical surface generated by the 
corresponding line RS will be Zir.BC.RS. Hence 

conical surface generated by PQ : cylindrical surf. gen. by RS 
:: VQ.NQ-VP.MP : ZBCRS 

:: VP {^^^~ - Mp] : ZBC . RS 
-■■■yP{^-^P)--^BC.RS; because ;«-^ 

:: ^^(^^0 + ^) '- 2SC.RS; because NQ^MP+OQ 

VP f OQ\ RS 

BC \ ^ MP) OQ 

OQ 
:: 2 + -rp^ : 2 ultimately ; 

^ VP VP OP RS . , ^ 

for ultimately — -- ■» -— - = —-r == 7r:r % since when Q comes 
•^ jBC PC OQ OQ' 

up to P, the angle VPC is ultimately a right angle 

OQ 

:: 2 : 2 or 1 : 1 ultimately, for Mltimately — — vanishes. 

Therefore the cylindrical surface generated by RS is 
ultimately equal to the conical surface generated by PQ. 
And the same is the case if other corresponding points be 
taken. 

If therefore a polygon, inscribed in any portion of the curve 
ABy generate by its revolution an assemblage of conical sur- 
faces, these surfaces will be ultimately equal, each to each, 
to the corresponding portions of the cylindrical surface de-» 
termined by lines MR^ NS. 

Therefore the limit of the assemblage of conical surfaces 
is equal to the cylindrical surface cut off by the extreme 
ordinates. 
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But the limit of the assemblage of conical surfaces is the 
curve surface of the spherical zone determined by the extreme 
ordinates. 

Therefore the surface of this spherical zone is equal to the 
corresponding surface of the cylinder. 



Prop. XXIII. 

If a parabola and its circumscribing rectangle gene- 
rate solids by revolving about the axis of the parabola, 
the conoid generated by the parabola is half the circum- 
scribing cylinder. 

In the diagram to Prop. 21, let the figure revolve about the 
axis AN. Then the rectangle NP will generate a cylinder of 
which the axis is MN^ and the base is the circle to the radius 
JfP; and the rectangle KP will generate a hollow cylinder 
which is the difference of the two cylinders having the axis 
AMy and the bases the circles to the radius AK and AH re- 
spectively. Hence, Prop. 18, Cor. 
solid generated by NP = 7r . MP^ . MN =4>7r^AS. AM . MNy 

KP^ir.AKKAM-^'jr.AHKAM 

^ir.AMiAJP-'AIP) 
^7r.AM(NQ'^MP') 

^ IT. AM {4. AS, AN --4^ AS. AM) 

= 4.w.AS.AM,MN 

Hence the solids generated by NP and by JTP are 
equal. 

And if a series of rectangles be inscribed in AMP, AHP 
in the same manner, the solids generated by those in the space 
APH will be equal, each to each, to the solids generated by 
those in AHP. Therefore, by Cor. to Prop. 4. Book ii, the 
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solid generated by APM is equal to the solid generated by 
AHP. And the two solids together make up the cylinder 
generated by AMPH. Therefore each solid is half this 
cylinder. 

Prop. XXIV. 

The solid content of a cone is one-third the solid 
content of the cylinder of the same base and axis. 

This might be proved nearly as the last : but other- 
wise as follows. 

Let h be the axis, k the radius of the base ; and let the 
axis be divided into n equal parts, and, at the points of 
division, let lines be drawn perpendicular to the axis, and let 
the rectangles be completed which are circumscribed about 
the generating triangle of the cone. TJien, when these rect- 
angles revolve, they will generate cylinders, of which the axis 

h 
in each will be — ; and the radii of the bases of these cylinders,. 

beginning from the vertex, will be (by similar triangles) 

- , — , — , and so oij (n terms). 
n n n 

Hence the sum of these cylinders will be 

h k^ h ^h? h gy" , , 
TT-.-T + TT-.— 7 + 7r-. — r- + &c. (w tcrms) 
n fir n vr n nr 



{l^ + g^ + S^ + fec. (w terms)} 

Uv^ v? n\ . . . ^ . 

<— + ^ + ^f by the summation of series 

^^ ^ ^^ (fFbod. Alg. 419.) 

+ -^ + TT* 

2n Qw 



TV" 
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And the limit of this, when n, the number of rectangles, 

becomes indefinitely great, is . But the limit of the 

3 

sum of the cylinders, in that case, is the cone by B. ii. Prop. 3, 

Cor. 6. Therefore the solid content of the cone is J tt &* h. 

And that of the cylinder is wk^h by Prop. 18 of this Book. 

Therefore, &c. q. e. d. 



BOOK IV.* 



GEOMETRICAL SOLUTION OF THE DIRECT PROBLEM 
OF CENTRAL FORCES. 



DEFINITIONS AND PRINCIPLES. 

Art. 1. The direct problem of central forces is, to find 
the force, tending to a given centre, which will cause a body 
to describe a given curve. 

2. The motion is supposed to take place in non-resisting 
spaces. 

3. First Law of Motion, A body in motion not acted 
upon by any force will go on for ever with a uniform velocity- 
(Mech. Euclid, B. iii. Prop. 2.) 

4. Second Law of Motion. When any force acts upon 
a body in motion, the motion which the force would produce 
in the body at rest is compounded with the previous motion 
of the body. (Mech. Euclid, B. iii. Prop. 8.) 

5. Definition of Velocity, Velocity is measured by the 
limit of the quotient of the space described divided by the 
time. 

6. Definition of Accelerating Force, Uniform accele- 
rating force is measured by the velocity which the force 
generates in a unit of time. (Mech. Euclid, B. iii. Prop. IS.) 

7. An uniform accelerating force is measured by the 
space through which it will urge a body from rest in a given 
time, according to the formula s = ^/f^. (Mech, Euclid, 
B. III. Prop. 7.) 

8. Any accelerating force is ultimately measured by the 
space through which it will urge a body from rest in a given 
small time, according to the formula s = ^ft^. 

• Newton Principia, Book I. Section II. and III. 
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9. Any accelerating force will produce its effect upon 
a body in motion, according to the second law of motion, a 
small time being taken and the ultimate ratio of the effects 
being considered. 

Prop. I. 
When a body moves in a curve, acted on by forces 
tending to a fixed point, the areas which it describes 
by rays drawn to the centre of force, are in a constant 
plane, and are proportional to the times. 

Let the time be divided into equal portions, and in the 
first portion let the body 
describe AB. By the first 
law of motion, if no force 
were to act on the body, 
it would in the second 
portion of time go on to c, 
in the same straight line, 
describing Be equal to 
AB. But when the body 
comes to 5, let a force 
tending to the centre act 
on it by a single instant- 
aneous impulse, and turn 
the motion in the direction 
jBC. Draw cC parallel to BS \ and by the second law of 
motion, the body will describe BC in the second portion of 
time, C being in the plane ASB, Join SC ^ the triangle 
SBC is equal to SBc*y because cC^ BS^ are parallel; and 
therefore to SAB, because Be is equal to BA. 

In like manner if a centripetal force towards S act im- 
pulsively at C, 2>, E, &c. at the end of equal successive por- 
tions of time, causing the body to describe the straight lines 
CDy DE, EF, &c. : these lines will all lie in the same plane, 
and the triangles SCD, SDE, SEP will all be equal to SAB 

• The line Sc is wanting in' the Figure. 
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and SBC. Therefore these triangles will be described in 
equal times, and in a constant plane. And we shall have 

SJDS : SJFS :: time in AD : time in JF. 

Let now the number of the portions of time in JD, AFf 
be augmented, and their magnitude diminished, indefinitely ; 
and the above proportion will still be true. 

Therefore also ultimately SADS : SAFS :: time in 
AD : time in AF. 

But ultimately the polygon ABCDEF, &c. becomes a 
curve line, (B. ii. Art. 6,) and the force which acted im- 
pulsively at 5, C, D, jB, &c. becomes a force which acts con- 
tinuously at all points*. (B. ii. Art. 15.) 

Therefore in this case also we have curvilinear areas 
SADS : SAFS :: time in AD : time in AF. 

CoR. 1. The velocity of a body attracted to a fixed 
centre, is inversely as the perpendicular from the fixed centre 
upon the tangent to the curve. 

For the velocities in the polygon at two points J, D are 
as AB, DE, because these lines are described in equal portions 
of time. But if aSF, SZ he perpendicular on these lines, 
SY .AB - SZ.DEy because the triangles are equaL 

Therefore vel. at A : vel. at D :: SZ : SY. 

And ultimately the velocity in the polygon becomes the 
velocity in the curve, and the lines A F, DZ are the tangents 
at J, D. Therefore, &c. 

* The force in the polygon is a force which acts instantaneously at the angles, 
and thus produces a motion composed of straight lines. The force in the curve acts 
continuously. The force at each angle of the polygon is supposed to be such aa 
will produce, instantaneously, the velocity which the continuous forces produce in 
the time of describing the side of the polygon. 
Let AB, BC he two successive sides of the 
polygon, BE-BA^ and ^C the space described 
by the action of the instantaneous force. Then 
if BD be a tangent to the curve ABC at if, by 
B. II. Prop. 13. Cor. 2, BC = BA ultimately, whence DC = DE ultimately, and DC 
is half EC ultimately. Hence, by B. ii. Prop. 12. Ck>r. 3, DC, the deflection 
from the tangent is the space described by the action of the continuous force, as 
it ought to be. 
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Cor. 2. All the preceding propositions are true, when 
the planes in which the bodies move, and the centres of force 
situate in these planes, are carried with a uniform and recti- 
linear motion. For the relative motion of P with regard to 
S will be the same in both cases : and the motion of P will 
be that which will arise from the action of *y, compounded 
with the motion of the plane, by Art. 4. 

Prop. II. 

If a body moves in a curve line in a constant plane, 
and by a ray drawn to a fixed point, describes areas, 
about that point, proportional to the times ; it is urged 
by a central force tending to that point. 

The same is true if the point, instead of being fixed, be 
moving uniformly in a straight line. 

Case 1. When the point is fixed. Every body which moves 
in a curve, is deflected from a straight line by some force acting 
upon it. If the body were to describe the polygon ABCDEF^ 
(see Fig. p. 74,) describing the equal triangles SAB^ SBC^ &c. 
in equal times, it must at B be acted on by a force parallel 
to cC {Be being equal to AB) by the second law of motion. 
And c C is parallel to BS^ because SBC is equal to SAB or 
SBC : therefore the force in the polygon acts to the centre S. 
But ultimately the motion in the polygon will coincide with 
the motion in the curve, and the force in the polygon will be 
proportional to the force in the curve. Therefore in the 
curvilinear motion the proposition is true. 

Case 2. And by Cor. 2 to Prop. 1, the force is the same^ 
whether the plane in which the motion takes place be at rest, 
or move, along with the body, the figure described, and the 
centre of force, uniformly in a right line. 

Cor. 1. In a non-resisting space, if the area is not pro- 
portional to the time, the force does not tend to the point to 
which the rays are drawn. It deviates to the side towards 
which the motion is, if the description of areas is accelerated ; 
to the opposite side if the description is retarded. 
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Cor. 2. In a resisting medium also, if the description of 
areas is accelerated, the direction of the force deviates to the 
side towards which the body moves. 

Prop. III. 
If a body revolve about another body which is 
moving in any manner whatever, and if the first body 
describe, about the second, areas proportional to the 
times ; the first body is acted on by a centripetal force 
tending to the second body, and also by the whole of 
the force by which the second body is acted on. 

Let L be the first, T the second body. Let F be the 
force by which T is acted on ; and let a new force equal to F^ 
and in the opposite direction, act upon T and L in parallel 
lines. Then the motion of L with respect to T, will be 
exactly the same as before, by Cor. 2, Prop. l. But on this 
supposition T is acted upon by two equal and opposite forces ; 
and is therefore in the same condition as if it were acted 
upon by no force ; and therefore will either remain at rest, 
or move uniformly in a straight line. Hence by Prop. 2, the 
body L is on this supposition acted upon' simply by a force 
tending to the center T. But if we now suppose L to be 
acted upon by the force F, in a direction parallel to that in 
which it really acts on T, L will be reduced to its real con- 
dition* Therefore L is really acted on by a force tending 
to Ty and by the force F which acts on T. 

Cor. 1. Hence if L describe areas about T, proportional 
to the times, and if from the whole force (simple or compound) 
which acts on L, we subtract the force which acts on 7^ the 
residue of force which acts on L, will tend to T. 

Cor. 2. And if the areas which L describes be very 
nearly proportional to the times, the residue of the force so 
obtained will tend to T very nearly. 

Cor. 3. And conversely, if the residue of the force so 
obtained tend very nearly to T, the areas will be very nearly 
proportional to the times. 
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Cor. 4. \{ L describe about T areas which are very 
far from being proportional to the times, L is either acted 
upon by no centripetal force tending to T, or this force is 
mixed and compounded with very powerful actions of other 
forces, besides the force which act on T. And the whole 
residual force on L tends to some other centre moveable or 
immoveable. 

Since it appears that the equable description of areas 
about a centre, by a moving body, indicates necessarily that 
the main force by which the body is affected, deflected from 
a straight line, and retained in its orbit, tends to that centre, 
if the body be governed by the ascertained laws of motion ; 
we may in any case, as for instance in the cases of the earth, 
moon, planets, and satellites, suppose that those centres about 
which the heavenly bodies describe equal areas, are the centres 
about which the motions of such bodies are performed in 
free space, according to the laws of motion. 

Prop. IV. 

When bodies describe different circles with uniform 
motions, the forces tend to the centres of the circles, 
and are as the squares of arcs described in equal times, 
divided by the radii of the circles. 

The forces tend to the centres of the circles by Prop. 2. 

Let AB^ ah be arcs described in equal times, BD^ bd 
perpendicular to the tan- j> 
gents at A, a. Then DB, '^ 
db are the spaces through 
which the bodies are de- 
flected from the tangents, 
by the action of the forces 
to S and s; and ultimately 
are as the forces (Arts. 6 
and 7). Now ultimately, 

■ „ AB^ ,, ab^ 
DB''——, db:^ . 

2 AS 2as 
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Therefore, 

force at A : force at a :: — -r. : ultimately. 

2AS 2a« ^ 

But if AEj ae be arcs described in any other equal times, 
AE : AB :: ae : a6, because the motions are uniform. 

Therefore AB : ab :: AE : ae : and 

r, , ^ AE" ae' ^£« ae* 

I'orce at A : force at a :: — -- : :: -—-- : — . 

2AS 2a8 AS as 

Cor. 1. The arcs AE, ae are as the velocities : hence in 

circles if F be the force, V the velocity, R the radius, F «— . 

R 

CoE. 2. Also if P be the periodic time, (or time of 
describing the whole circle) 

^ . circumference , , ^ R 

P IS as — ; , and therefore as — . 

velocity V 

Therefore FozR.-^^o, ^. 

Cor. 3. If P be constant, F « il, F cc R, 

Cor. 4. If Pcc^R, Vocy/R, Foe i, and the force is 
the same in all circles. 

CoR. 5. IfPaiJ, Foci, Foe ^. 

R 
Cor. 6. If P « R^, V cc -y= , i^ « 4 • 

Cor. 7. IfP«iZ», F«^,Fcc-^. 

Cor. 8. What has been proved of circles, is true of simi- 
lar portions of similar curves having centres similarly situated. 
Thus in two such points of two similar curves, force in one 

curve (F) : force in the other (/) :: DB : db :: -j— : — . 

AG ag 
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And AB : ab :: F : u, these being the velocities. Also, since 
the curves are similar and AG, ag are the diameters of curva- 
ture, AG : ag :: AS : as :: R : r. 

F* V* 
Hence F : f :: — : — . 

Cor. 9- Let F be the velocity in a circle at A, f the 
force, t the time of describing AB^ R the radius, 

17-2/2 JDSt 

AB^Vt, BD^\ft\ (Art. 8.) Hence 



AB" 

But ultimately — — ' 



\ft' BD 
2R ; hence — = il ; / « -^ • 



Cor. 10. Let P be the periodic time : tt the ratio of the 
circumference of a circle to the diameter. Then QttR = PF, 



47r'i2^ = P'F^ and 



" R P' ' 



Cor. 11. In any time ^ the arc described is Vt; the space 
fallen through by force / is ^ ftK Now F«^*= ^//^2iJ, 
because R>f^ F*. Therefore the arc described in ^ is a 
mean proportional between the space fallen through in t and 
the diameter. 

Lemma to Prop. V. 
If TXST be any quadrilateral figure, and if DM, 
BN be parallel to SX, 
Sr, and 
DMiBNiiSXiSY; 

r, D, S shall be in a 
straight line. 

For because SX, SY are 
parallel to DM, DN, the 
angle MDN is equal to XSY. 
Also the sides are proportional 
by isupposition : therefore the 
triangles XSY, MDN are similar; and the angle SXY 
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r^DMN. But the angle SXT^DMT; therefore YXT 
= NMT, and the triangles YXT^ NMT are simUar. 
Therefore YX : XT :: NM : Jf T; 
also SX : YX :: DM : NM ; 
therefore ^yJT : ^T :: DM : MT; 
and the triangles SXT^ DMT are similar, and the angle 
DTM = STX, whence 2> is in the straight line ST. 

Prop. V. 
Having given the velocity and direction of motion 
at three points of a figure described by a body acted 
on by a central force; to find the centre of force. 

Let PT, QF, RZ (see fig. p. 80), be the three directions 
or tangents at P, Q, R, meeting in T and V. At P, Q, R 
erect three perpendiculars PA^ QJB, RC^ reciproadly pro- 
portional to the velocities; that is, such that 
PA : QB :: vel. at Q ; vel. at P, 
QB : RC :: vel. at R : vel. at Q. 
Draw AD, DBE, EC, parallel to PT, TV, VR, and meeting 
in 2>, JS; join TD, VE; these lines produced to meet will give 
the centre of force. 

For let S be the centre, SX^ SY, and SZ perpendiculars 
upon the tangents: DM, DN parallel to SX, SY. By 
Prop. 1. Cor. 1, we have 

SX : SY :: vel. at Q : vel. at P :: PA : QB :: DM : DN. 
Hence, by the Lemma, SDT is a straight line. For a like 
reason SEV is a straight line. Therefore S is at the con- 
course of the two lines TD, VE. 

Prop. VL 
If a body revolve about a fixed centre of force, and 
if, at the extremity of a small arc, the subtense of the 
angle of contact at any point be drawn parallel to the 
line joining the centre of force and that point; 

F 



89 SOLUTION OF THE DIBBCT PROBLEM 

The force tending to the centre is ultimately as the 
suhtense directly, and as the square of the time of de- 
scribing the arc inversely, when the time is indefinitely 
diminished. 

Let a body revolve in the line PQ, about the centre S : 
and PR being a tangent, let QR be 
parallel to SP. 

Let F be the force at P, T the 
time of describing PQ. Then by 
Art. 8, RQ is ultimately equal to 
the space described in T hy F con- 
tinued constant; that is, to ^FT^. 
Therefore 

QR^^FT"^ ultimately, 

2QR 
and F- -— - ultimately. 

Whence this proposition is manifest. 

Cob. 1. Let QjP be drawn perpendicular on SP: then 
(B. II. Prop. 8) the area SPQ is ultimately equal to | SP. QT. 
But if -4 be the area described in a unit of time, by Prop. 1. 

Area SPQ : A:; T: 1; hence ^SP. QT^^A.T ultimately, 

and I SP^.QT^^A^.T^ ultimately. 

Multiply this into the equation in the proposition, and we 
have i SP^ . QT" .F^ZA^.QR ultimately, 

^ SAKQR ,^. ^, 
whence F = ultimately. 

Cor. 2. Let SF be drawn perpendicular on the tangent 
PR : then (B. ii. Prop. 7 and 8) the area SPQ is ultimately 
equal to ^SY.PQt hence by the same reasoning as in the 
last corollary, we shall have 
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CoK. 5. Let PF be the chord of the circle of curvature 
pasnmg through Si then, by B. ii. Prop. IS, Cor. 1, PV. QR 
« P<?, and if we put PV. QR for PQ* in Cor. 2, we find 

P = . 

,SF^PF 

Cor. 4. If F be the velocity of the body at P, PQ= F. 7" 
ultimately by Art. 5 of this Book ; and P(^^r^T^; therefore 
PF.QiJ=F*r* ultimately: but QR = ^PT* ultimately, as in 
the proposition : hence \ PV. F = F*, and 

„ F» 

Cor. 5« If P be a constant force and F the velocity 
acquired in falling through a space jS, F* « SP*?, by Cor. 5 
to B. II. Prop. 12. Now P = 2P . :^ PF, by last Cor. Hence 
S = PV ; or the velocity in any curve is equal to that 
acquired in falling down ^ the chord of curvature passing 
through the centre of force, the force being constant during 
this faU. 

It appears from this Proposition and its corollaries, that 
a curve being given, which is described by the action of a 
central force, the law and magnitude of the force may be 
determined by determining the ultimate value of any of the 
following quantities: 

208 SAKQR SAKQR 
1^' SP^.QT^' SYKPC^' 
or the value of either of the following quantities 

SY^.PV ^pv' 

The determination of the law and magnitude of the force, 
when the curve is given, is the solution of the direct Problem 
of central forces. 

The following Propositions are Examples of such so- 
lutions* 

F2 
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Prop. VII. 

A body revolves in the circumference of a circle, 
the force tending to any point : to find the force (F). 

Let S be the centre of force, and SY perpendicular on 
the tangent PY. Then by Cor. 3 to ^ ^ g 

last Prop. /'=^^^^. 

Let JF be the diameter: then by 

similar triangles AVP, PSYy 

PV SP 
AV: PV:: SP : SY ^ jj; ; 

AV 

SA^.AV^ 
putting this value for SY, F^ SP" PV^ ' 

Hence in different points of the curve the force varies 
inversely as SP^.PV^. 

Cor. I. Hence if S the centre offeree be in the circum- 
ference of the circle, the points S and V coincide, and 

„ SA'.AS" 

F ■= . 

The force in this case varies inversely as the fifth power 
of the distance. 

Cor. 2. Let the force » -— g , /x being constant. Also 

let P be the periodic time: then P,A^ the whole area of 

. , IT. AS'' „ ^ IT. AS* 

the circle « . Hence A = 



AndM = (8^^^lS'* = ) 



4P 
2/» ' 



whence P^ « — AS^. 
2Ai 

About the same centre, fx is the same, and P oc AS^. 
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Cor. 3. By Cor. 1. Prop. 1. 
vel. at P SA SA SP SA' ^ . ,^ . ' 
vel. at A Sr SP SY SP" ^ ^ 

Cor. 4. Let R^ S be two centres of force, A the area 
described in a unit of time, when the body moves in a circle 
about R\ B ihe area described in a unit of time when the 
body moves in the same circle about S ; Fy G^ the two forces ; 
PT* the chord through J?; 





Then, F=^^^y^, 




sBKdV 
SP'. PV ' 


Hence, 




: G :: - 


A* B" 
— ■ -. : — r-^^» or :: 



Let SG parallel to TP meet the tangent : then by similar 
triangles PSGy TPV, PV : PT :: SO : SP; 

PV SG 

hence, -— - = -—; , 
PT SP 

And Fi G::A'.~:B'^^, or :: A'.SG^ : B'.SP.RP'. 

Cor. 5. In any curve touching GP at P, and having 
PVA for its circle of curvature, the subtenses of , the angles of 
contact are ultimately equal to those of the corresponding arcs 
of the circle ; and hence (Prop. 6.) the forces in such a curve 
are ultimately equal to the forces in the circle in the same 
directions, and for the same velocity. Hence in any curve, 
if F be the force tending to K, G the force tending to 8% 
SG parallel to RP, A and B the areas in a unit of time 
described about R and S respectively, 

F : G :: AK SG^ :: B^.SP.RP'. 

* PT^ TV are wanting in the figjirc* 



m 
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Peop. VIII. 

Let a body move in a semicircle PQA^ the force 
tending in parallel lines PM, QN: to find the law 
and magnitude of the force. 

This may be considered as a case of a body acted on by a, 
central force, by conceiriDg the centre to be indefinitely distant^ 
so that all lines tending to it may be assumed to be parallel. ; 

Let C he the centre of the circle, and CMN a diameter 
perpendicular to the direction of the 
force. On account of thie similar tri- 
angles CPM, PZTy RZQy we hare 

CP* : PJIf^ :: PR^ : QT^; 

Also by the property of the circle 
PR^ = QR . RW, and ultimately 
PR^^QR.PV^QR.2PM. 
Hence 

CJf» : PM^ :: QR.2PM : QT^; 
CPKQT^^QR.2PM^; 

QR CP' ,^. ^- 

Also —— is constant ; for J is constant,- and SP = SC 
SP^ 

ultimately 9 when S is indefinitely distant, and is therefore 

constant. 

8 J* A\2MN' 2MN^ 

because ^^yP.QT^ : A :: T : 1, (Prop. 1.) 

MN 




MN . 
Hence, is constant : let 



(7, and multiplying* 



together the expressions for 

we have the force at P- 



QR , - SA' 

'—=- and for -rrrrzi 

QT' SP"" 



PM^ 



Here U is the velocity parallel to CA, 

Hence it appears that the force is inversely as P3P. 
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Lemma to Prop. IX. 
In the spiral which cuts all its rays at equal angleiS, 
rays at equal angular distances have everywhere equal 
ratios. 

Let PSO, OS0, O'SQ... 
pSo, oSo^j oSq, be equal an- 
gles; and let the angles SPO, 
SOffy S(yQ...SpOj Soo\ So'q, 
be all equal. Then when SPO, 
OSC/j &c. are indefinitely in- 
creased in number and diminish- 
ed in magnitude, the limit of 
PO(yQ...»poo'q is the equi- 
angular spiral. 

The triangles PSO, OSO, 
C/SQ, &c., pSoy oSo', o'Sqy &c. 
are all similar ; hence, whatever 
be the number of angles, we 
have such proportions as these. 




SP : 
SO : 

s(y 

SP 



SO 
Sff 
SQ 
SQ 



Sp : 

So 

So' 



So; 
So'; 
Sq ; therefore 



Sp : Sq; 

and therefore in the curve which is the limit of the polygon 
SP : SQ :: Sp : Sq. 

CoE. 1. Let /3 be the angle which the curve makes with 
the ray : and let the angle QSP be «=7, and the ratio SQ : SP 
be 1 : 1 + c. Let the angle QSP be divided into equal parts. 



PSO, &c. each 

all equal; and SO^ 

SO : SP 



— ; therefore the ratios SO 
n 

SP" :: SQ : SP; or 



SPy &c. are 



S(^ 



SF^ 



(1 + c)» 
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Now if OM be an arc with centre S^ meeting SPj and 
ON a perpendicular on SPy we have 

ON^SO. sin PSOy NP = MP ultimately, ^SP-SO\ 

cr.^ ON SO sin PSO , . 
hence, tan SPO = j^ = SP-SO ' ""^^^^^^^ ' 

sin PSO 
" SP ' 
SO"' 
whence, /3 being the limit of SPO, 

• 7 

sm — 

tan )3 = ^ , n being infinite ; 

(1 +c)»- 1 



1 
» (l + c)* - » 



Now, by the binomial theorem, 

1.2 1.2.3 

,. . (^ C^ 

and since « is infinite^ this is^c +7" &c. 

2 3 

Hence tan 3 « ^ ^ = r7 r - 

c + &c. 

2 3 

Cob. 2. Hence 1 (1 + c) = ^ ; and 
'^ tan /3 

y 
1 + c « c**"^, c being the base of natural logarithms. 
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CoE. 3. If PSO^ OS(y^ &c. be taken all equal, the simi- 
lar triangles thus formed will be in geometrical progression for 

os(y so.s(f SO" 

PSO "" SP.SO " SP"' 

Hence the whole curvilinear area will be the sum of this 
infinite decreasing geometrical progression ultimately^ PSO 
being diminished without limit, (Book ii. Prop. 3,) and this 
sum gives 

triangle PSO 

^ SP" 

SO 1 
Now if the angle PSO = 7, and -^ = , 

triangle PSO =^^SO.SP sin 7, 

i^0.^Psin7 , ^'^SO^^'^^ 
hence area='2 _ ^—gp 

^ " SP" SO'"^ 

^ SP^ (l+c)sin7 
'~ ~ (l+c)2-l * 

But, by Cor. 2, sin 7 = 7 ultimately « (c + &c.) tan /3, 

hence 

area = -^^ ^— — ~ — ^ tan fl « ^^^ -^ tan/3, 

SP" ^ 
and ultimately^ since 7 = and c»0, this area = — - tan p. 



Prop. IX. 

Let the body revolve in the equiangular spiral just 
described: to find the force. 
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Let PSQ9 pSq he two small equal angles; and since 
the angles SPRy Spr are also 
equal, and their supplements 
PRQi prq; and also 

SP : SQ :: Sp : Sq 
by the Lemma to this proposi- 
tion; the figures SPRQ, Sprq 
are similar. And QT will be a 
similar line in each figure ; hence 

QT' qt 
QR qr I 1 \ 1 

Now if the angle PSQ be dif- 



iTand 



ferent from pSq^ 



QR 



remains 




the same as before, by B. 11. Prop. 13. Hence, in all cases^ 
QR qr 1 1 



and 



QT^ ' qf " SP ' Sp' 
QR qr 



1 
SP^ 



1 



SP'.QT' ' Sf.qt' 
and the force is inversely as the cube of the distance. 

Cor. 1. To find the actual value of the force : let 

PSQ^y.-^l^e. 

QR = TN^ PT - PN^ SP - SQ cos PSQ - RN cotan RPN 
= SQ (1 + c - cos 7 - sin 7 cot /3) 

QT^ = SQ^ sin^P^SQ = -JQ* sin^ 7, and SQ = SP ultimately; 

QR 1 + c - C0S7 — sin7 cot fi 



hence 



QT' 



SP ^in^y 
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Now when y is very small, by Cor. 2, 



1 + c = e*^ ^ = 1 + 7-^ + , ^'^^ ,^ + &c. 
tan/3 1.2.tan*/3 

cos V "* 1 ^— + &c. 

' 1.2 

sin 'v cot /3 = — ^r + &c. 
' '^ tan/5 

^sin*7 = 7*- &c. 

hence, neglecting terms beyond 7^, because the ultimate value 
is wanted, 



QiZ 2tan^/3 2 _ J__ / cos^jS \ 1 

QjTs* ^p.y "2*SP W/?"*" 7 " 2*SPsin*/3' 



Hence force = 



SP'QT^ sin' fi.SP^' 



Cob. 2. The figure, taken to any distance from the 
centre, is always similar to itself. Lemma to Prop. g. Hence 
(B. II. Prop. 5) the area is as SP' ; and the area A being 
constant, the time of descending to the centre from P is 
as SP«. 

aJP* 
Cob. 3. By Lemma to Prop. 9, whole area^ .tan)3» 

4 

Hence time to centre = — r- tan B. 

4>A ^ 

-r i* /^ 1- I- /^ ^^^ ^ M*sini3 

Let force = -~— ; hence by Cor. 1, fi = -7-^, A = — — ^, 

SP^ 

Whence time to centre « — j . 

2jul9 cos p 

Cob. 4. By Cor. 1. to Prop. 1. 

vel . at P Sv Sp 

— i = -;rrL= 77=^, by similar tnansles. 

vel.atp SY SP ^ ® 
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Prop. X. 
A body revolves in an ellipse, the centre of force 
being in the centre of the ellipse : to find the force. 

Let CA, CB (see diagram to Prop. 11, QR and QT 
being properly altered) be the semiaxis major and minor, 
P any point, and DK a diameter conjugate to the diameter 
PG; QR parallel, QT perpendicular to CP; Qv parallel to 
the tangent PR; PF perpendicular to DK. 

By Conies (B. in. Prop. 6.) 

Pv.vG : Qv"" :: CP' : CD". 

also Qtj2 : QT^ :: CP* : PF"" by similar triangles. 

Hence Pv,vG : QT' :: CP' : CD'.PF' 

:: CP' : AC'.BC\ B. in. Prop. 7. 

^. ^ Pv.vG CP^ 

Therefore = . 

QT' JCKBC 

Put QR for its equal Pv ; and for «G, put 2CPy to which 

it is ulHmaiely equal ; and dividing, 

QR _ CP 

CP'.QT'^ 2AC'.BC''" 

whence we have (by Prop. 6. Cor. 3, SP being here CP)^ 

4A^cf 

*''''''^" AC'.BC 
Hence the force is as the distance CP. 

Cor. Let the force = /u, . CP ; therefore 
4 A' , .AC.BC 

=^ fly A- U^ 



AC'.BC '^^ ^ 2 

whole area tt . AC . BC 



And the periodical time = 



A 

27r 

r 



Hence the periodic time is the same, about the same centre,, 
whatever be the magnitude of the major axis of the ellipse. 
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Prop. XI. 

A body revolves in an ellipse; it is required to 
find the force tending to the focus of the ellipse. 

Let S be the focus, PQ a small arc, QR the subtense 
parallel to SP, QT" per- 
pendicular to SP; C 
the centre, PC a dia- 
meter, Qv an ordinate 
parallel to the tangent 
at P, cutting SP in w. 

Let CDy conjugate 
to CP, meet SP in E; 
PE is equal to the 
i^emiaxis major ^C; for 
if -ff be the other focus, 
and HI parallel to CjB, we have SC 
therefore EI=ES and 




CH :: SE : EI; 



2PE^PE + ES + PE-EI^PS+PI=PS + PHy 

because IH being parallel to the tangent at P, makes equal 
angles with PS, PH; (B. in. Prop. 3.) But PS + PH^2AC. 
Hence PE^AC, Now we have 



OR (-Pa?) 


: Pv :: PE : PC b 


y similar ti 


riangles 


Therefore 


Gv.QR : Gv.vP : 


: PE.PC 


: PC, 


by Conies, 


Gv.vP : Qv' : 


PC 


ciy. 


ultimately 


Q»* : Qa^ : 


: 1 


■■ 1; 


and by sim. tri. 


Qw' : QT' : 


: PE' 


: PFK 



Compounding these four proportions, and observing that 
ultimately (j« = 2PC, we have ultimately, 

SPCQR : QT' :: PE?.PC : CLf-PF* 

:: AC.PC : AC . BC 

ZPC.QR AC.PC QR AC 



Hence 



QT* 



BC 



QT^ iBC 
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iNow — — -= L the lattM rectum. 

Hence ss — . 

QT^ L 

The force = ---- — — --; is 



QTKSP^ L.SP'' 

Hence the force varies inversely as SP^* 

Peop. XII. 
A body moves in a hyperbola: it is required to 
find the force tending to the focus. 

As before, let CJ, CB be the semiaxis major and minor, 
PGy DK two conjugate diameters; S the focus, Qoufy an 




ordinate, parallel to the tangent at P and meeting SP in x% 
QR the subtense parallel to SP. 

Let SP meet CD in E; PE is equal to the semiaxis- 
major ; for if H be the other focus, and if, in the figure, HI 
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were drawn parallel to CE, meeting SP produced in the point 
/, we should have SC : CH :: SE : EI. Therefore EI^ES^ 
and 2PE^EI+EP-(ES-EP)r.IP^SP^HP'-SP, 
(because HI being parallel to the tangent at P, makes equal 
angles with P/, Pff). But HP- SP ^2 AC Hence PE^ AC. 
And we have 

QRi^Pw) : Pv :: PE : PC, by similar triangles. 
Therefore Gv.QR i Gv.vP :: PE.PC : PC\ 



by Conies, G'e.vP : 


Q«* :: 


PC* 


: CD*, 


ultimately, Qv^ : 


Qa* :: 


1 


: 1; 


and by sim. tri. Qa^ : 


Q7" :: 


PI? 


: PF*. 



Compounding, we have ultimately (Gv being then a ZPC)^ 
^PC.QR : QT^ :: PE? . PC : CII^.PF^ 

:: AC'.PC : AC\BC\ by Conies. 

Whence —--- « — — -— = — ; L being the latus rectum. 
Hence the force = - ' 



QT^.SP" L.SP"" 

and the force varies inversely as the square of the distance. 

In a similar manner it may be shewn, that if the body 
move in the opposite hyperbola, it must be acted on by forces 
tending fromy instead of to, the centre, and varying inversely 
AS the square of the distance. 

Prop. XIII. 

Let a body move in a parabola : it is required to find 
the force tending to the focus of the figure. 
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Let S be the focus, 
A the vertex, P any point, 
QR the subtense parallel 
to SPi QT perpendicular 
to Spy PG parallel to the 
axis, Qwv parallel to the 
tangent; iSiV" perpendicu- 
lar to the tangent. 

Then PG^ PS make equal angles with the tangent, 
(B. III. Prop. 1,) to which Qwv is parallel : therefore wPv is 
an isosceles triangle ; and Pv = Pos = QR, Now, by Conies 
(B. III. Prop. 3), ifSP.Pv = Qt>^ or 4>SP.QR:= Qa? ulti- 
inately. (B. ii. Prop. 6.) 

But Qcr^ : QT^ :: SP^ : SN^ :: SP : SJ; (B. in. 
Prop. 2.) 

whence ultimately 4 aSP.QJ? : QT* :: SP : SJ. 

QR I 



And 



QT' 4^SA 



Hence the force = 



2 J' 



8A\QR 

SPKQT^^ SA.SP^^ 



Prop. XIV. 

When several bodies revolve in ellipses about the 
same centre of force, varying inversely as the square 
of the distance, the latus rectum in each, is as the 
square of the area described by its ray in a unit of 
time. 



By Prop. 11, the force in this case is 



SA 



A is the area described in a unit of time, and L the latus 
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rectum. But about the same centre, the force is — — : there- 
fore 

/UL = -7- , L = , or £ IS as -i'*. 

L fx 

Cor. Hence ^^^^y^. 

Prop. XV. 

On the same suppositions, the periodic times in the 
ellipses, are in the sesquiplicate ratio of the major axis 
(that is, in the ratio of the power of which the index 
is I). 

For the whole area - tt. AC . BC, Hence 

. _. whole area 

periodic time = ; — -. , 

area m time 1 

ttAC.BC QwAC.BC ^wJCi 
V^M • \/L y BC /Lii 

2>v/2 ^^^:/Ac 

Cor. Hence the periodic time depends only on the major 
axis, and is therefore the same in the ellipse, and in a circle of 
which the diameter is equal to the major axis of the ellipse. 

If PQ (see fig., p. 93) be an arc described in any time jT, 
PQ is ultimately = T . F, V being the velocity at P. Also 
the area SPQ is ultimately ^ A.T. But 2SPQ, is ultimately 

- SY. PQ. Therefore SY. V. T= 2 A . T, and hence V^ ^. 

JSY 

Prop. XVL 
On the same suppositions, the velocities of the bodies 
at any points, are inversely as the perpendiculars from 
the centre of force upon the tangents at these points, 
and directly as the square roots of the Latera recta of 
the orbits. 

G 



98 SOLUTION OF THE DIRECT PROBLEM 

By Prop. 14,^ = ^4-^; 
hence, by Cor. to Prop. 15, F= ^^-y- '^^^ 

and the velocity is as ^ . 
SY 

Cor. 1, Hence £ = -. VK SY^, and L « F*. aST^. 

Cor. 2. At the greatest and least distances, the curve is 
perpendicular to the ray; SY coincides with the distance, 

(as SA,) and F«^, 

Cor, S. To compare the velocity at any point of a conic 
section, with the velocity of a body revolving in a circle at 
the same distance, and acted on by the same force. 

The velocity in any curve is equal to that acquired by 
falling down ^ the chord of curvature, by the force, continued 
constant. (Prop. 6, Cor. 3.) Hence, PV being the chord of 
curvature, 

PV SP 

F* in conic section : F* in circle :: 2-F. — : ZF. — 

4 2 

:: PV : 2SP. 

2 CD" 2SP.HP 



Now in the ellipse or hyperbola, PV = 



AC AC 



2 SP HP 

Hence V* in conic section : V* in curve :: — ^ — j^ : 2*SP 

AC 

:: HR : AC. 

CoR. 4. At the mean distance in the ellipse, HP^a'AC; 
hence the velocity is equal to that in the circle. 
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Cob. 5. In the same figure, or in difPerent figures, for 

which the latus rectum is the same, Fa — — . 

Si 

Cor. 6. In the parabola, SY^ y/SP.SAy hence 
^ «= 77^^ « y a . — because SA is constant. 

sr y/sp.SA \/sp 

In the ellipse, 

Cfp ctp 

«r.-*c.-(s«B...).«c.j3j-^, 

1 v^JC"^^^^ 



F 



— oc 



'S'F BCy/JP 



Hence, when SP diminishes, V increases in proportion to 
y^ , in consequence of the denominator: but it also in- 
creases in consequence of the numerator, for %AC - SP 
increases; hence the velocity increases faster than in pro- 

In the hyperbola, 

CD CD 

^r.BC--.i»c.^-5j^^<a..), 

sy"" BC^SP * 

Hence, when SP diminishes, V increases in proportion to 

■ ■ atL^ in consequence of the denominator: but it diminishes 

in consequence of the numerator, for ^AC + SP diminishes : 
hence the velocity increases slower than in proportion to 
1 

-02 
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Cor. 7. In the parabola, PV^A^SP. Hence, by Cor. 3, 
P in parabola : F* in circle :: 2:1, 
and V in parabola : V in circle :: \/2 : 1. 

In the ellipse, HP = 2 JC - SP\ hence, by Cor. 3, 
V in ellipse : Fin circle :: y/^^AC-SP : y/jC 

:: \/ 2 : 1. 

Hence the ratio is less than ^2 : 1. 

In the hyperbola, HP = 2JC + SP; hence, by Cor. 3, 
V in the hyperbola : V in circle -:: \/^AC~+SP : a/JC 

:: V^^;^ : 1. 
Hence the ratio is greater than ^^ : 1. 

CoR. 8. In the same way as in Cor. 3, 
V in conic section : V in circle of radius iZ :: — — : ^^ — 

:: ii : ^SF, 
by Cor. 5, for the latus rectum L is the same for both curves. 

Cor. 9» By the same reasoning. 

Fin circle of radius \L : Fin circle of radius SP :: \/SP : y/iJL» 
Prop. 6. Cor. 3. Compounding this with the Proposition in 
last Cor., 

F in conic section at P : F in circle of radius SP 
:: x/^PTfZ : SV. 
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Prop. XVII. 

A given force being inversely as the square of the 
distanee from the centre, and the velocity and direction 
of the motion at a given point being known ; to deter- 
mine the curve described. 



2m 
SP' 


PV 

4, 


zV'SP' 



Let the force at P be —— , and V being the velocity at P, 
assume PF so that 

F*« 
or PF = 



Draw PH making 
the angle ZPiy=FP5'. 

If PFbe less than 
4,SP, take PH on the 
same side of YZ as S^ 
and such that 

SP.PV 




HP^ 



^SP-PV 



whence PV=^ 



4^SP.HP 
SP + HP 



If, then, we construct an ellipse with foci S and H, PV will 
be its chord of curvature through S; for, CD being con- 
jugate to CP9 chord of curvature 



2Ciy 4,ciy 4SP.HP 

AC " 2AC " SP + HP 



by Conies. 



If Pr:=^ 45'P, produce HP on the other side of YZy take 
PX = PS, and draw a line WX perpendicular to PX, If we 
construct a parabola with focus S and directrix WP, the chord 
of curvature at P will be 4*S'P or PF. 
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If PF be greater than 4>SP, take Ph in HP produced, 
such that h P= ^yz^gp » whence P F= ^p^gp • I^ there- 
fore we construct a hyperbola with foci S and h^ PV will be its 
chord of curvature through S. For, CD being conjugate to 

^r. ^ ^ ^ 4CZ)^ ^SP.hP. ^ . 

CP, chord of curvature = — -—■ «= ^-= — ^^ by Comes. 

And the conic section found by this construction will be 
the curve which the body describes : for if the body move in 
this conic section and have the velocity V at P, the force at 

P will be — —- 1 by Prop. 6, Cor. 4. And there cannot be two 

SP" ^ ^ 

curves which a body may describe, departing from P witTi the 
same velocity in the same direction, and acted on by a force of 
the same magnitude, and varying according to the same law : 
for if this were supposed, there would be nothing to determine 
which of the two curves the body should describe in any given 
instance. Therefore the conic section just found will be the 
path of the body. 

Cor. 1. If the direction of motion at P be perpendicular 

2 CD* 2JBC* 

to SP^ P is the vertex of the curve, PF= = — -—- =s i. 

AC AC 

And HP=^ — - in the ellipse; hP^- ^— in the 

hyperbola. 

Cor. ^. If the velocity at the vertex be F, since at that 

point SY^ SP, by Prop. l6, L = ~ P . iSP*; and the orbit 

may be constructed by the last corollary. 

CoR. 3. If the velocity of the body at any point be altered, 
the change in the orbit may be found by the propositicxi. 

Thus At the point P of an ellipse, Fig., p. 101, let the 
velocity \)e altered in the ratio 1 : n, the force remaining 
the same. Since the direction of the motion is supposed to 
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be unchanged, PH will be in the same direction as before. 
Let F be the force, V the velocity at P, then, by the change, 
F becomes nV; let PF become PV, and PH become PH'. 
Now 

PV PV 

P = 2F. — , n*V*^%F^-, whence n».Pr-PF'. 
4 4 

„ „„ *SP.HP ^ , „„, 4>n*SP.HP 
But PV= -— — -— , therefore PV' 



And H'P = 



SP + HP* SP+HP 

SP.PV 4>nKSP'.HP 



*SP - PV 4>SP (SP + HP) - 4,n*SP. HP ' 

H'P n'SP 

HP " SP-{n*-l)HP' 

And the position ot H' being found, SH' the new position 
of the major axis is known. 

n'SP.HP 
Also, we have H p. ^^--^^_^^, 

SP' + SP.HP 



(Since SP+HP =^2 AC}, 

SP+H'P SP 

2 AC " n«^P -(/»*- l)2^C' 

And SP+ H'P is the new axis major. 

The new centre C is the bisection of SH\ and the new 
ellipse is determined. 

Cob. 4. If the force which acts on the body at any point 
be altered, the change in the orbit may be found by the pro- 
position. 

At the point Pof an ellipse. Fig., p. 101, let the force be 
altered in the ratio 1 : m, the velocity remaining the same. 
As in last Cor. the direction of the motion being supposed. 
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to be unchanged, PH will continue the same direction as at 
first. Let F the force become mF, and PF, PH become 
PV, PH'. Then 

PV PV' 

y* = 2F. — , F»-2»»F.l—, whence Pr=m.PF'. 
4 4 

^ . nir ^SP.HP ^ ^ „.^ *SP.HP 

But Pr=— - — -— -, therefore PF* 



And H'P 



SP+HP' m(SP + HP) 

SP.PV A:SP\HP 



4,SP - PV tmSP(SP + HP) - *SP . HP' 

H'P SP 

'HP ~ mSP -(l-m)HP' 

Hence the new position SH' of the major axis is found. 

SP.PH 



Also, we have H' P = 
SP + H'P = 



mSP-(l-m)HP' 
mSP^ + mSP.HP 



SP - (1 - m) (SP + HP) 

And since SP + HP •'2 AC, 

SP+H'P mSP 

sic ~ SP-(l-m)zAC' 

And SP + H'P is the new axis major. 

The new centre C' is the bisection of SH' and the new 
ellipse is determined. 

Prop. XVIII. 

Having given, at a given point, the velocity and 
direction of the motion of a body, revolving about a 
given centre of force varying as the distance, to find 
the curve described. 



OF CENTRAL FORCES. 



105 



Let PR be the given direction of projection, C being the 
centre. And let PV be four times the space through which 
a body must fall, to acquire, by the action of the force at 




P, (= fJi-CP) continued constant, the velocity which the body 
has at P. Hence PF is given by the formula for constant 

r. P^ fX.CP.PV 

forces, r^ = 2F. — = . 

4 2 

Draw DCK parallel to PJS, PF perpendicular on it, and 

CP PV 

take in PF, PH so that PW = '- . Join CH\ bisect 

2 

it in /; join PI\ take /J/, IN each equal to IC or IH. 

Draw CN, CM', and in these lines take CA = PM, CB = PN. 

CA, CB are the positions and magnitudes of the semi-axes 
major and minor of the ellipse described. 

By Conies, if PF be the chord of curvature at P, and 
CD the conjugate semi-diameter. 



PV'- 



2Ciy 
~CF' 



CP PV 

whence CI^ = '- = PH\ 



With centre / and radius IC describe a circle; it will 
pass through C, H, M, N, and.P because CFH is a right 
angle. Therefore PF.PH = PM . PN=^ CA . CB. 
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Also PC^ + PW ^ PP + IC + PP -^^ IH\ 
^PP + IJIP ^PP + IN^, 

= {PI + iMf + {PI - my, 

= PM^ + PIP, 

Hence, since CD = PH, we have 

PF.CD^AC.CB, PC + CD* = JC^ + CB^ 

And these are two equations which determine AC, BC> 
But these are two properties of the semi-axes major and minor. 
(Conies,) Therefore AC and BC have the due magnitude of 
the semi-axes of the ellipse, of which the chord of curvature 
at P is PV. 

Also they have the due position. For let PH, CN meet 
in ai, and CF, NH in y. The angles ooFy, wNy being right 
angles, the circle on diameter a^y will pass through F and N. 

Also 
angle PNa = CNM = CFM = wFN, because CFa = MFN. 

Therefore PNw is equal to the angle in the alternate 
segment wFN, and therefore PN is a tangent to the circle 
wy at JV. 

Hence PF.Pco = PJV* = BC\ But (B. in. Prop. 11) this 
is true if Cw be the position of the major axis. Therefore CA 
is the position of the major axis : and NCM is a right angle ; 
therefore CB is the position of the minor axis. 

Therefore the ellipse, of which PV is the chord of cur- 
vature, is rightly determined by the preceding construction. 
But the curve described by the body can be no other than 
this ellipse; for a body acted on by the force and having 
at P the velocity and direction which are here supposed, 
may move in an ellipse, of which the chord of curvature will 
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be PV (Prop. 6. Cor. 5), and there cannot be two curves 
described by two bodies setting out with the same velocity, 
in the same direction from the same point, and acted on by 
the same force. 



Prop. XIX, 

To compare the velocity of a body moving in any 
curve, with the velocity of a body moving at the same 
point in a circle having the centre of force for its centre. 

Let the chord of curvature of the curve through the centre 
of force be PV, 

And since the chord of curvature of the circle is 2SP, 
if F be the velocity in the curve at P, and U in the circle 
at P; by Prop. 6. Cor. 5, r^^F.^PV, U^^2F.^SP. 

Hence V^ : U' :: ^PV : ^SP :: PV : 2SP^ 

and V : U :: \/P? : ^/^SP. 

Cor. 1. In the ellipse about the centre, PV = —— 
(B. III. Prop. 20). 

Hence, putting CP for SP, 

V : U :: CD : CP, 

^CD* 
Cor. 2. In the ellipse about the* focus, PV = . 

(B. ni. Prop. 20.) 

ZSP.HP 



AC 



Hence F : f/ :: \/^^^;f^ : y/^SP :: y/HP : y/AC. 
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Cor. 3. In the equiangular spiral, PV=2SP (B. v.). 
Hence F : U :: y/zSP : ^2SP: 
the velocity in the spiral is equal to that in the circle. 



Prop. XX. 

To find the angular velocity of a body moving in 
a curve acted upon by any force. 

The angular velocity is measured by the ultimate quotient 
of the angle described, in any small time, divided by the time. 

Hence in the diagram, p. 82, 

angular vdocity = ^ = ^---g^ePSQ ^ J. angle PSQ 
* ^ T A.T axeaPSQ 

A ^ 

SO. .. . iA 

Hence the angular velocity is inversely as SP^. 



BOOK V. 

THE DIFFERENTIAL CALCULUS. 



DEFFINITIONS. 

1. The Differential Calculus is a system of symbolical 
calculation, the object of which is to determine the ultimate 
ratios of the differences of quantities, and to solve various 
problems by means of these ultimate ratios. 

2. The quantities are here considered as variable^ and 
depending upon each other by means of algebraical and trans- 
cendental operations of calculation. A quantity y which 
thus depends upon a quantity w^ is called a fv/nction of x ; 
and x is called the independent variable. 

3. Ewplidt functions are those in which the operations 
to be performed upon the independent variable are denoted 
by the symbols, according to the order in which they must 
be performed to give the function. Implicit functions are 
those in which the function and the independent variable are 
involved in an equation or equations, which is not solved so 
as to give the function by a direct series of operations. 

In the following cases y is an explicit function of a: 

y = o% y=sina?, y = > y^\/\ -a?^c^^"'. 

e "T e 

In the following cases y is an implicit function of of ; 
y^ - 2mwy + o?^ = ; y' - 3a?y + a*^ = a^ ; y"* - awy = b ; 
e^ - ya? = c ; y — a: sin y = a. 



^ I 
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In these cases the quantities a, 6, c, e, m, p are con- 
sidered as constant, while w and y are variable. In such 
cases as that in which y ^ maf^^ m is called a parameter. 

If y be a function of ^, explicit or implicit, j? is a 
function of y. 

4. If when y is a function of x^ w become jr', and y 
in consequence become y', x — w and y —y are the incfrementB 
or differences of a? and y. 

5. The Differential Coefficient of y wi^A reference to x, 

v' — y 

is the ultimate value of the fraction — ; ; and is denoted 

tV — w 

dy 
by the symbol — . 

6« From this definition are to be deduced the Rules of 
Differentiation of all functions, algebraical and transcendental ; 
and the application of Differential Coefficients to problems 
respecting curves, expansions, &c. 



RULES OF DIFFERENTIATION OF ALGEBRAICAL FUNCTIONS. 

7. Differential Coefficients are in general finite quan- 
tities, being the limits of the ratios of two vanishing quan- 
tities. 

8. Let jp, g, y be any functions of .r, and when w be- 
comes 0? + A, let p become p + a^ q become g' + /3, and y 
become y + k: then, 

-^ = the limit of r, -p--: the limit of - , 
dx j^ dw h 

-^ « the limit of - . 
dco h 

This appears from Art. 5» 
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9. If Pi q be any functions of w^ and y ^pq'-, we shall 
have 

dy dp dq 
dx duo doo 

For let a?, p, q^ y, become a? + A, jp + a, g' + /3, y + A;: then 
y + A; = (p + a) (g + /3) = pg + ^a + Pi3 -f a/3, y^pq; 
hence, A; = ^a + p/3 + aj3, 
At a )3 a^ 

and when A vanishes, - remains finite (Art 7), but /3 vanishes; 

hence, -/J vanishes^ Also, -, 7» t become 
A h h h 

^, ^, ^. (Art. 8.) 
dx^ d«^ dx 

Hence, y- = 97-+PT-- 
acT acP a^ 

10. Multiply this equation by the other, - = — , and 

we have 

I dy I dp I dq 
ydw pdx q* dx^ 

11. If p, g, r, be any functions of x^ and y = pqr, we 
shall have 

1 dy 1^ dp 1 dq 1 dr 
y dx p' dx q' dx rdx' 

For let pq^ s; then y = pqr = «r ; and hence, by Art 10, 

1 dy 1 d« 1 dr ^ _ , . , . 

-.rr-*»"«T~ + "*"r"? but by the same article, since 8 m pa^ 
y dx 8 dx r dx -^ ^^' 
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1 ds 1 dp ^ dg 
8 doB p dtV q dx^ 

. I dy 1 dp 1 da 1 dr 

hence, --t" = - -t" + "'T" + "'T" • 
y da p dw q dw r dx 

12. In the same manner, if y ^pqr8...{n factors), we 
shall have 

I dy \ dp I dq I dr \ ds 

-.3-s=-.T---f-.T- + --T~ + "-T"+---(^ terms). 
y dx p dx q dx r dx 8 dx 

13. Ify = p", ? = wp-»^. 

dx dx 

For in the last article, let ^, r, «...each=|>: therefore, 

I dy I dp I dp ^ 

-.--— = -.-— + -.-— + &c« (w terms) 

y dx p dx p dx 

n dp 
p dx 

dy ny dp r^^i^P u 

TI^I^'T;."^^ JZ' because y=|>». 
ax p ax ax 

d V 

14. If y = ^ (w being a whole number), — - — n^""'. 

dx 

For i{ p = x, p -\- a =^x -^ hy a^h. 

a dp 

Hence t = 1, whence -—=1, by Art. 8. 
h dx '^ 



Whence by last article, 



ax 

16. If y = a?*, — being positive or negative, 
n 

dym 5-1 
dx n 
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For let u = a?*, therefore « = j?™ = y». 

And — =s wa?*""S by Art. 14. 
dof -^ 

du dv 

Also — - = «y"-* 3^ , by Art. 13. 
dw dw 

dy y" dy af^ 

Hence n«"~^-~ « wa?""'; or n--.-r- = w — ; but «*»c2?'"; 
ao? y dx w 

dy m y m 2_i 
therefore, —-=: — .- = — ci?" . 



16. If y^p"", p being a function of ^, 



d.r n dx 



For let y" a p«» = t^. 
Then 



dt^ dv ^T' 

— = „y«-> -Z = ^p-i _^, by Art. U ; 



d<r dx dx 

or n— . -^=m— . -^: but y" = ©". 
y dii' p dx 

Therefore ^ = !!^.?^.^=^p^^^. 
d^T n p dx n dx 

17. If y«»p + c, ;> being any function of ^, and c positive 
or negative, 

dy dp 
dx dx 



For when x becomes «r + A, if p becomes p + a, and y 
om 
limit, 



k a 
becomes y + A, y + A; = p + a + c, k = a^ r"=7> ^'^^ ^^ ^^^^ 



dy dp 
dx dx' 
H 
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18. If y = cp, p being any function of a?, 

dy dp • 

dw dw 
For making the same suppositions 

y + Ar = c(p + a) = cp + ca; 

whence k^ca\ ■- «= c - ; and takins the limit —^=50-7-: 
h h dx doB 

Hence if »= -p, —-= --^. 

19. If ^ decrease when x increases, 

^ = -limit of ^"^^""^"^"^y. 
dx increment of w 

For let a?, y become a? + A, y - k' ; and let —k' ^k* 
Hence a?, y become « + A, y 4- & ; and by Art. 5., 

rfy 1. . ^ ^ ,. . i. *' 1. . ^ ^ 

— ^ = bmit of - = limit of - -- = - limit of — . 
dx h h h 

20. If y be any function of p and p any function of a?, 

dy ^ dy dp ■ 
d^ dj!> dx 

For if A, a, k be the increments of a?, p, y, 

df/ ,. , ^ k ... .A; a ,. . « A; ,. . ^ a 
-^ = hmit of - = limit of - . - = umit of - limit of - . 
dx h ah ah 

But the limit of - is -— , when p is supposed to be the 
a dp , *^ 

a d© 
independent variable; and the limit of - is -p-; hence 

h dx 



dy dy dp 
dx dp ' dx' 
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21. Examples of Arts. 15, l6, 17, 18. 

(1) Let y = (o -f bw^y, 

^/=n(a^ 6^).-' ffJf_t^), by Art. l6, 
aw aw 

d . haf^ 

= 7^ (o + baf^Y'^ — , by Art. 17, 

aw 

d,ar 
= w (a + bof^Y"^ b . — — , by Art. 18, 
dw 

= mnbaf^'^ {a + 6a?*")"-', by Art. 14. 

(2) Let y = y/(a^wi + feio?*), 

^ . I (eJ^l + 6f«i)- J X ^(«^^^+^*^*) , by Art. 16, 

dw ^ dw '' ■ 

^\(c^w^ + b^c^Y^ ^ {^a^w'^ + ^ftia?"?) 

= (o5,r5 H- 6ta?3) i X J 

12a?* 

Sa^wi + 2biw^ 



12a? ^(ai w^ + 6* a?i) * 

22. If y be a function of w, the differential coefficient 

-;^ is a function of a?, and may have its differential coefficient 
dw 

taken with respect to w; this differential coefficient is called 
the second differential coefficient^ and is denoted thus, -— . 

In like manner the differential coefficient of the second 

differential coefficient is called the third d^erential coefficient; 

(jPy 
and is denoted thus, -7--; and so on. 
dw^ 

23. These differential coefficients are by some modem 
writers denoted thus; d,y, dfy, dfy, &c. 

h2 
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24. Examples of Art. 22 : 
(1) Lety = ^-; 

ax 

^y 

d^y 

-r— r = n.n-l.n-2 af"^ ; 

and so on. 



(2) Let y ^ a?" (a - a?)" ; 
dy 



d»y 

^-^ = wi . m — 1 ^"* (a - a?)* - Swina?""* (a - a?)*"^ 

and so on. 



APPLICATION OF FIRST DIFFERENTIAL COEFFICIENTS TO 
CURVES DEFINED BY RECTANGULAR CO-ORDINATES. 

26. If a curve be given by an equation between its co- 
ordinates a, y, the differential coe£Bcient -^ is the (trigono- 

dof 

metrical) tangent of the angle which the curve makes with 
the line of abscissas w at any point. 

Let P be any point 
in the curve, Q a point 
in the curve near P; PM, 
QN ordinates, PO paral- 
lel to ^jlf; Pf7 the tan- 
gent meeting NQ in R. 

Let a?, y become 
a? + A, y + At: 
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therefore PO^hy OQ^k: 

.k QO 
h OP 

k 00 

Therefore Limit of — = Limit of y-=r . 
h OP 

But Limit of 7-= ^> by Art. 5 of this Book. 

, , ^. . , QO Oi? , _ ^ 

And Limit of -— - == -— - , by Prop. 8. B. 11. 
OP OP ^ ^ 

dv OR 

Therefore ^ « 77^- = tan UPO. 

dx OP 

26. We may hence draw a tangent to a given curve. 

27. If the tangent UP meet the line of abscissas in Ty 
MT is the subtangent 

TM .tan PTM^PM; hence the subtangent «= J^; 

dof 

28. A normal is a line perpendicular to the curve, as 
PK. 

The (trigonometrical) tangent of the angle which the 

normal makes with the line of abscissas = -r— 

dy 

dw\ 
Because it is perpendicular to the tangent^ by B. i. Art. 32. 

29. If the normal meet the abscissa in Ky MK is the 
9ubnormaL 

The subnormal = y^. 
^ dw 
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30. To find at what aogle the curve cuts the axis. 

In the differential coefficient — , put for x the value 

doc 

which makes y = 0. 

dy 
When — - = 0, the curve is parallel to the line of abscissas 
dw 

dy 
X ; and when — is infinite, the curve is parallel to the line of 
dec 

ordinates y. 

31. To find whether a given curve have asymptotes. 

By Art. 27, AT ^-^-x. 
dy^ 

dx 

If this be finite when x is infinite, the tangent AT has 
a limiting position in which AT i^ finite, and the curve has 
an asymptote. 

Let A r, parallel to the ordinates, meet the tangent in F, 

AV^AT.tmPTA^y-x^. 
^ dx 

If this be finite when x is infinite, the curve has an 
asymptote, for the same reason as before. 

Hence, in order to determine whether the curve have an 
asymptote, we must find whether either of the above quantities 
is finite when x is infinite. 

32. Find the subtangents, and subnormals, of the curves 
defined by the following equations, and the angles at which 
they cut the axis : 

The cubical parabola y^ = d?x. 

The semi-cubical parabola y^ = ax^. 
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The g^eral parabola . . . .- y"+* = a'^o^. 

The knot. ay^wy/d^-^c^. 

The witch wy = a\/aaf - df^. 

The lemniscata (<r* + y^)^ = a^ (a^ - y^)- 

The cissoid y^ia-x)^ a?. 

The conchoid a^'i^ = (a -i- a7)*(fc^ - a^). 

33. A quantity (y) which depends upon another (.r) is a 
maximum for a certain value {X) of a?, when the value of y 
corresponding to a? is greater than all other values within a 
certain finite interval including x ; (for instance, greater than 
all values of y corresponding to values of x from JT-a to 
X •\- a, a being finite.) 

A quantity, in like manner, is a minimum, when it is less 
than the values immediately adjacent on each side. 

34. Axiom. If a quantity first increase and then de- 
crease, it comes to a maximum at the point where the increase 
ends and the decrease begins. If a quantity first decrease and 
then increase, it comes to a minimum at the point where the 
decrease ends and the increase begins. 

In a curve of continued curva- 
ture, at points where the ordinate 
is a maximum or minimum, the 
tangent to the curve is parallel to 
the axis, as at P, Q. 

35. When y, a function of x, is a maximum or minimum, 

^ = 0. 
dx 

For any function of x may be represented by the ordinate 
of a curve, and the function will have a maximum (or a mini- 
mum), when the ordinate has a maximum (or minimum). But 
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the ordinate has a maximum (or minimum), when the tangent 

is parallel to the line t>f abscissas ; that is, when --— » 0. 

dof 

(Art. 28.) Therefore, &c. a. e. d. 

It will be seen hereafter, that it is not true conversely, 

dy 
that when -r- =" 0, ^ has a maximum or minimum. 
dw 

36. Examples to Art. 35. To find the maximum and 
minimum values of the following quantities: 

The ordinate of the knot, in which y = - y/a^ — ^. 

a 

The ordinate of the curve, given B. i. Art. 6, in which 

30j/ = 4a?^ - 12a?* - 63af + 30. 

The ordinate of the lemniscata, in which 

(^ + y«)«=oHa^-S^). 

The rectangle inscribed in a given circle. 

The cylinder inscribed in a given sphere. 

The straight line which bisects a triangle cutting two 
given sides. 

The cones whose convex surface is given (the maximum 
solid content). 

37. If u be the area of a curve, -— = ^. 

By B. I, Prop. 3, Cor. 4, if the abscissa of a curve 
receive an increment AB (see diag. p. 24), the area receives 
an increment ABba^ which is ultimately equal to Aa, AB. 
That is, if w receive an increment h and u an increment i^ 
i is ultimately equal to yh. 

* 1 • 1 du 
Therefore y = -r ultimately = —- . 
h dx 
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38. If u be the solid content of the solid generated by 

du 
the revolution of any curve round the axis of ^, -— = wy^. 

ax 

For if w + ^ and i be corresponding increments of j? and 
Hi by reasoning from Cor. 6 of Prop. 3, B. i, instead of the 
Proposition, it will appear, as in Cor. 4, that i is ultimately 
equal to *7ry^h. 

i du 

Therefore -tt^^ = - ultimately = — . 

39. If u be the length of the arc of a curve, 

For if A, i be corresponding increments of a? and w, we 

i PQ 
have (see diag. p. 11 6), j^^ -pg'^ 

PQ PR 

and limit of — - = ^-^ (B. ii. Prop. 8) 

40. If u be the curve surface of any solid generated 
by the revolution of any curve round the axis of w. 



g=..,v{i+(g)]. 



For by reasoning from Art. 13, B. ii, instead of Art. 6, 
it will appear as in B. ii, Prop. 7, that the surfaces generated 
by the revolution of the arc, its chord, and its tangent round 
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any axis, are ultimately equal. Also the surface generated 
by the revolution of the tangent PQ (see diag. p. 11 6) is 

Stt . MP .PQ-^TT.PQ.OQ (see Errata). 

Hence the increment of the surface generated by the revo- 
lution of the curve JP is ultimately 

= 27r . JfP. PQ + TT . PQ . OQ. 

. , increment of the surface .^_ PQ PQ 

And ^-MP.— ^.-.OQ. 

Also ultimately the first side becomes -— , the fraction 
•^ aw 

PQ ( fd'yV] 

— =r is a/ < 1 + v" r ^ and the last term vanishes, because 
OP ^ \ \dx] j 



PQ 
OQ 



is finite and OQ vanishes. 



Therefore g = 2.j,^l+(g)]. 



RULES OF DIFFERENTIATION OF CIRCULAR FUNCTIONS. 

41. Let APQ be a circular arc of which the radius CA 
is 1 ; Pikf, QN the sines of the 
angles ACP, ACQ, AT, AV the 
tangents of these angles; PO parallel 
to AC, CU equal to CT. 

Let ACP = 30, MP = y, or 

increment of y 

increment of w 
increment of MP OQ 
increment of AP PQ ' 

and taking the limits -^ = -— — (B. ii. Prop. 7.) = cos a?. 

(too Ly X 

^^ d.sinw 

Hence — ; — = cos w. 
doo 



y = sin CO, then 
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42. Let y = CM = cos a?. 

decrement of y OP MP 



increment of a^ PQ CP 



= sm w. 



__ CJ.COS^ . _ d. cos 07 

Hence = sin a? ; and — « — sm a?. 

dof aw 

43. Let y = JT= tan a?. 

increment of y TV TV^ TU 
increment of w ^ Tq" TU ' PQ' 

^ J ,. ^ ,. . TF rc r(7 TC TC 

And takmir the limits, -— — = — — , — -— » — — - s — — . 
^ ' TU AC' PQ PC AC 

dy TC^ d. tano? 

Hence --- = -7-— « (sec wY ; and — ; = (sec wY. 

dof AC^ dw 

44. Let y - CT - sec o?. 

increment of y UV _ UV TU 
increment of x ^ PQ' TU ' Tq ' 

^ ,. . UV AT TU CT 

Andatthehmit, — ._, ^^ = ^ ; 

dy AT.CT 
whence -— = — --— — = tan a? . sec 0?, 
dof AC^ 

c{ . sec 07 

= tan 07 . sec 07. 

ao7 

45. If Of and y be connected by any equation, and if 
when w is the independent' variable, and y the function, 

— ^ = p, then when y is the independent variable, and 07 the 
dof 

^ , dw \ 
function, — - = - . 
dy p 
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For it h,k he the corresponding increments of or, y, 

— = limit of - « limit of - = , =—-.= -. 

dy k h ., , ^ h ay p 

^ - hmit of - --^ ^ 

k k dx 

46. When y^sivka^ x= arc to sin y. But this may be 
better expressed thus, sin"*y = j?; the symbol sin being con- 
sidered as separable from the quantity y, and being transposed 
from one side of the equation to the other, as if it were a 
symbol of quantity. 



dy 
dai 
d.sin'^y dor I 1 



47. Let sin"^y = a?, then y = sin a?, -^ = cos a? = y/l -y** 

dx 



dy dy dy cos x ' 

dx 
d . sin"* y 1 

dy *"\/l-^ 
48. Let cos"* y = .1?, then y = cos a?, 



dy 
d«r 
d.co8"*y dx 1 1 



= — sin a? = — V 1 — y^, 
dx 



dy dy dy sin x ' 

d«r 
d.cos"*y 1 

dy "" y/T^r^' 

49- Let tan"* y «= ^> y = tan ^, -— = sec* a? = 1 + y*. 

d.tan"*y dx I 1 

dy dy dy ^ sec* a?* 

dx 
d.tan"*y 1 
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50. Let sec"^ y =* ^> y = sec a?, 



--— = tan w secx^y y/y^ — 1, 
ax 



dy_ 
dx 

d.seC^y dx 1 1 

dy dy dy tan x.sec x 

dx 

d.sec^y l 



dx y y/jf - 1 ' 

SI. Examples : 

d.Axax cos X , o ^ . V. 

3 = (cos xy - (sin xy =» cos 2 x^ 

dx 

sin a? 1 2 sin' x 



d. 



cos* Jf COS X CO^ X 



APPLICATION OP FIRST DIFFERENTIAL COEFFICIENTS TO 
POLAR EaUATIONS OF CURVES. 

52. If SY (p. 126) be drawn perpendicular to the tan- 
gent at P, *yP = r and SY=p. 

1 dr^_y/7^^ 
T dd p 

_ increment of r OQ ^^ OQ , _ 

For :: ■— = , Z,^^ = *yP. :^ (see Errata). 

increment of angle P*yQ OP ^ ^ 

But ultimately OFQ, becomes a right-angled triangle simi- 

OQ, PY 

lar to YPS : wherefore •— = — ultimately. 

And PY^y/r^-'p^; 



dr \/r^ - p* 



d9 ^ 



(I dry 
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« „ /I dry r» f^ 

64. If ASP^e^ SP=^r, and the arc AP^s, 

For let PO be an arc described with 
radius SP. 

PQ SP.PQ 

angle POQ ~ PO ' 

^ , . ^ PQ PS r 
and ultimately _ = _ = -. 

Hence — = - = r . - = a/V + Ut. }■ 
dd p p ^\ \d9) j 




55. If u be the area of the spiral ASP, 

de'^"^: 

For the increment of the area ASP is ultimately equal 
to the sector AOP, and the sector is (Book iii. Prop. 17.) 

^SP.PO^ ^SP^ X angle PSQ, 

because arc PO = SP x angle PSQ. 

__ increment of w . . _ 

Hence ,— _ — ; r-r ■= 1 ultimately, 

^ r^ X increment ot 

increment o( u , « , . 

-— SB i r* ulturiately, 

increment of tr ^ 

whence -— = ir'. 
dd * 
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56. By Art. 53, the equation between r and 6 being 
given, the equation between r and p may be found. 

Examples. To find the equation between p and r in 
the ellipse about the focus. 

The equation to the ellipse between r and is 

^ L_. (Art. 44, B. i) ; whence ae cos = 1 - —T• 
a -i- ae cos ^ ¥ 

1 a -^ ae cos 1 dr ae sin 

- = 71 ; hence -33^= r^ — : 

r Ir ir d0 b^ 

Idr ae /I ^^\' «'«' • • ^a 

rdd'V'"'^'^ [rd0) =-ftr^-^e 

a^^r^ a'^r^ cos* 9 

2or r* 
(because a^^ - a^ = - fc^), 



hence o* = . — „ 



1 fdry Zar-r^ %a-r 



r« \de) 
The equation to the hyperbola about the focus is 

2a + r. 
The equation to the ellipse about the centre is 

^ a^ + 52 . y2 

The equation to the equiangular spiral is 
p = ar. 
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57. If, at two points in any curve, normals be drawn 
intersecting each other, and if these two points 
approach and ultimately coincide ; the normal, 
intercepted by the intersection, is ultimately 
the radius of curvature. 

Let Ay B be two points in the curve; 
-4Z>, BD tangents meeting in D ; AHj BH9 
perpendiculars to the tangents; BG perpen- 
dicular to the chord JB^ meeting AH in G. 

Since ABGy DBH are both right angles, 
the angles ABD^ GBH are equal ; also BAD 
is equal to BGA or BGH ; therefore the 
triangles ADB^ GBH are similar. Therefore 

HB : GH :: BD : DA. 

But ultimately BD, DA are equal (B. 11. Prop. 13, Cor. 2). 
Hence GH, HB are ultimately equal; but HB, HA are 
ultimately equal; therefore GH, HA are ultimately equal; 
and H is ultimately the bisection of AG. But ultimately 
AG is equal to AI, the diameter of curvature; therefore 
ultimately H coincides with O, the centre of curvature, and 
the normal AH is ultimately the radius of curvature. 

58. To find the radius of curvature of a spiral. 

Let P, Q be two points, FY, QZ the tangents, PO, QO 
the normals; therefore PO is 
ultimately the radius of curva- 
ture. 

Let SY, SZ be perpendi- 
cular on the tangents PY, QZ ; 
and let SY, QZ meet in Jr. 
Then it is easily seen that ZX 
or SZ - SJC is ultimately equal 
to SZ - SY, that is, to the in- 
crement of SY. And if XP meet ZQ in U, since PO, QO 
are perpendicular to XP, ZQ, the angle XUZ is equal to 
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POQ. And the angles UXZ, UZX are ultimately right 
angles, as are the angles OPQ,^ OQP. Hence the figures 
UXZy OPQ are ultimately similar. 

„,^ ^ ZX PQ ^, 

Wherefore — = — - ultimately. 

PY QT 
But -^7^ = ^771 ultimately, ST being equal to SP. 
iSP • PQ, 

.y UX , . , 

Also -— . = 1 ultimately. 

„ ^. ZX QT ^. ^ 

Hence, compounding, — - - = —— ultimately. 

„ ZX SP ,, 

Hence — -: = --— ultimately. 
QT OP ^ 

^ ZX increment of .*^F dp _ . _ 

But — - = ; T— — - = -^ ultimately. 

QT increment of SP dr ^ 

Hence — - = — — ; and — -- = - . -i- . 
dr OP OP r dr 

Hence OP is known. 

59. To find the chord of curvature passing through 
the pole. 

Let O be the centre of curvature, and draw OM perpen- 
dicular upon SP^ Then PM is half the chord of curvature. 

SY 

And by similar triangles OPM, PSY, PM ^ 77^- OP; 

tSP 

1 T 1 I dp 
PM ^p ' op' pdr' 

whence 2 PM, (PF,) the chord of curvature, is known. 
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60. Examples. 

2 dp 1 
In the parabola, p^=4ar, ---i- = -; hence chord of 

p dr r 

curvature = 4r ; radius of curvature = 2r . - = -r . 

p o« 

In the ellipse about the centre, p^ = — — — ^ ; 

2 dp 2r , , 2(a^ + b^-r^) %a^V 

pdr a^ JrW -r^ r p^r 

r 2c?\? 2a^V 

radius of curvature = — = — r- • 

p p*r p^ 

In the equiangular spiral, p^mr^ 

I dp ^l 
p dr r * 

chord of curvature = 2r, 

radius of curvature = — = — . 
p m 



APPLICATION OF DIFFERENTIALS TO THE DIRECT PROBLEM 
OF CENTRAL FORCES. 

61. To find the force by which a body may move in 
any curve defined by an equation between the ray and the 
perpendicular upon the tangent (the force tending to the 
pole). 

If A be the area described in a unit of time, we have 
(B. IV. Prop. 6.) 

62. To compare the velocity in the curve with the 
velocity in a circle at the same distance. 
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If F, U be the velocities, it has been shewn (B. iv. 
Prop. 19,) that 

P : U^ :: PV : 2SP 
12 

'' Jp' PV 

1 1 dp 
r pdr 

63. To compare the angular velocity of SP and SY. 

The angular velocity of SY is always equal to the angular 
velocity of PF, (diagram, p. 128,) because SY is perpendi- 
cular to PY, And the angular velocities of SP, PY are 
in the ultimate ratio of the angles PSQ, XUZ. 

Hence, 
angular velocity of SP : angular velocity of SY 

PT XZ ^. 

:: — : — ultimately 

ux xz ,. 

'''sp'PT "^^^"^"^^^^y 

PY XZ QT , . 
•' SP QTPT ^^^™^^^^y 

QT PY\ 



( . QT PY\ 



FY 
SP 


XZ PY 
QT ' SY 


SY 


increment of SY 


SP 


increment of SP 


P . 
r 


dp 
dr' 




12 
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64. Example. Compare the angular velocity of the 
ray and the perpendicular on the tangent, in the ellipse about 
the centre. 

2 a' 6^ 2 dp 2r 



r = 



a2 + ft2-r^' p dr a^^h'^'^ 



P pT 

Hence, ane. vel. of r : ane. vel. of p :: - : —z — r^ ^ 

° ^ r dr -\-lr -r 

:: ^2 + ft8 -. r* : r\ 

65. In this example, the angular velocities of r and p 
are equal when a* + 6* - r* = r*, or r* = ^ (a^ + V). 

At this point the angular distance of p and r is a 
maximum. 

At the same point the tangent makes the smallest angle 
with the radius. 

66. In any curve, to find when the velocity increases 
fastest. 

The velocity increases fastest, when the resolved part of 
the force in the direction of the tangent is a maximum : that 

is, if F be the force, when jF is a maximum. 



67. Example. In the ellipse about the centre, to find 
when the velocity increases fastest. 

In this case F—fxr, 

s/r'-p^ , 2 ^ 2aH^r 

fxr = max., r^-p^^max., 2r-— — - — -^r^^O, 

«« + fe8 - r« = aft, r = ^(a"" - a5 + 6*). 

68. To find when tlie paracentric velocity is greatest. 

The paracentric velocity is the velocity towards the 
centre. 
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The velocity at any point is — ; and resolving this in 

P 

the direction of the ray, the paracentric velocity = 2-4 : 

pT 

And this is to be a maximum. 

=- is a maximum ; therefore, - ^ ^ is a max. ; 

pr p^r^ 

therefore, -5 - -5 is a max. ; 

P IT 

1 dp 1 
therefore, — ;.-r- — ; = 0. 
p^ dr r* 

69. To find when the angular velocity increases fastest. 
If w be the angular velocity ; 

by B. IV. Prop. 20, w = -j- . 

dw 4iA dr 

Hence, -=--.-. 

dr 
But - ;t- is the paracentric velocity ; and therefore by Art. 68. 

dr 2J'\/r^ ^ p^ 
dt pr 

dw sA^y/r'^p^ 

Hence, — - = — — . 

dt pr* 

This is the rate of increase; and the angular velocity 
increases fastest when this is a maximum; that is, when 

r^-p^ , , 11. 

— z — is a max., or when -— -r — r is a max* 

Whxwbll's Doctrine of Limits. 
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70. Example. To find when the angular velocity in 
the parabola increases fastest. Here p* ^ar. Hence, 

1 1 *^ 7 8 Sa 

ar' r air r 7 

71. To find the relation of the differentials of space, 
velocity, and time of motion, when a body moves in a straight 
line to a centre of force. 

In this case, if/, v^ t^ w he the force, velocity, time, 

dof dv 

and space described, « = — , /=— , by Prop. 10, Cor. 1. 

and Prop. 11, Cor. 1, of B. 11. Hence, multiplying crosswise, 

dof dv dv dw 
^'di'^^7t^^dw''di'' 

whence f=v — . 
•^ da; 

Hence / being known in terms of a*, we find v by 

integration. And v being known, we can find t by in- 

- , .da? 

tegration from the equation u = — . 



APPLICATION OF HIGHER DIFFERENTIAL COEFFICIENTS 
TO RECTANGULAR CURVES. 

72. When in moving along a curve the ordinate con- 
stantly increases, and the angle which the tangent to the curve 
makes with the abscissa constantly decreases, the curve is 
concave to the line of abscissa, as from P to B, 

When the ordinate increases, and the angle of the curve 
also increases, the curve is convecc to the line of abscissas, as 
from A to B, 



THE DIFFERENTIAL CALCULUS. 



135 




When the ordinate decreases, if the angle of the curve 
decrease, the curve is convew^ as from Q to C; if the angle 
of the tangent increase the curve is concave^ as from B to Q. 

73. A point whence the 
curve passes from convex to 
concave, or the reverse, is a 
point of contrary Jleocure^ as at 

7*. At a point of contrary flexure, -— = 0. 

For the angle of the curve decreases to the point of 
contrary flexure, and increases afterwards, (or the reverse). 
Therefore the trigonometrical tangent of the angle of the curve 
decreases to that point, and afterwards increases (or the re- 
verse) ; for in angles less than a right angle the tangent 
increases and decreases when the angle does. Therefore this 
tangent is at that point a minimum (or a maximum). But 

this tangent is — - : therefore at a point of contrary flexure - 
dx dw 

is a minimum (or a maximum). (Art. S3,) Therefore the 

dy 
differential coefficient of — is at this point. (Art. 35.) That 

UtV 

fpy 

is, at a point of contrary flexure — ^ = 0. (Art. 22.) 

dar 



75. 



The radius of curvature of any curve is 



h(S)T 



dor 

Let AM9 MP be a?, y, the 
abscissa and ordinate ; Q a point 
near P, and JNits ordinate = of'; 
PJT, QL two normals intersect- 
ing in O ; the angle PKA = 6, 
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QLA = ff. With centre O and radius OP, describe a circular 
arc Pq, meeting OQ. ; 

^ = POQ = KOL = CILA - PKJ. 

„ p^ _ Pq PR Pq 

"'"''^ ^" " QLJ^TpWl ° QLA-PKAPR- 

But PJR, P^ are ultimately equal, each being ultimately 
equal to PQ, because the tangent at P is common to both. 

PR 

Hence limit of PO = limit of 



QLA - PKA ' 

limit of 

,. ., . MN MN 

= Jimit ot 



MN ^"^^ °^ Jifjvr 

Now limit of ^ = |l+(g)y. (Art.S9.) 

And limit of ' — — = limit of -; = — , 

MN 01 —a da> 

But -^ = cotan e = twa{^-d\; 

da" dO ,^ 

whence -j-— ; = - 3- . (Art. 49.) 

Hence PO - - ^ ^ > the rad. curv. (Art. 57.) 



The radius of curvature, as given by this formula, is 
positive when the curve is concave to the axis, and negative 
when the curve is convex. 
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APPLICATION OF THE DIFFERENTIAL CALCULUS TO EXPAN- 
SIONS, INCLUDING DIFFERENTIATION OF EXPONENTIAL 
FUNCTIONS AND RESOLUTION OF TRINOMIALS INTO 
FACTORS. 

76. A function of algebraical quantities is expanded^ 
when the expressions of calculations to be performed upon 
compound quantities are replaced by equivalent expressions 
of calculations performed upon simpler quantities, forming a 
series of terms arranged according to the indices with which 
one or more of the quantities are affected. 

77- If y be a function of a?, and if a? + A be put for «r, 
and the function expanded according to the integral powers 
of A, the coeflScient of the simple power of h is the differential 
coefficient of y. 

Let A; be the increment which y receives when x becomes 
J? + A ; and let the expansion according to powers of h be 
J\r+PA + QA' + JRA' + &c. 

Therefore y + A; = JV + PA + QA^ + JRA' + &c. 

But since the expansion is equivalent to the function, for 
all values, let A = 0, whence k = and y = N. 

Hence, k^Ph + QA^ + RK" + &c. 

k 

-^P+Qh + Rh^+ &c. 

n 

And when A, the increment of <», vanishes, this equation 

becomes — = P, the coefficient of h, 
dx 



78- If y = o^ and if J = a - 1 - |a - r + |a - 1 - &c. 
dx 
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For let OB become a? + A, and y become y + A; ; then 
y + A; = a'+* = 0^ .a!" 



= a* (1 + a - 1)* 



A.A-1 2 h.h-ih"^- 



* 1.2 1.2.3 ^ 



£iXpana , , &c. by multiplica- 

tion ; and it is evident that the last terms of these products 

h h 
will be — , - , and so on : and the other terms will involve 
2 3 

h\ h\ &c. Hence 



y + A; = a'{l+A(a-l-la-l' + ^a-l*-&c) + QA^+&c.) 
= a'-fa'^A + a'QA2 + &c. 

Subtracting from this, y = a*, and dividing by A, 

k 
h 

And when the increment of x vanishes, this becomes 

— = a A. 
dw 

79. If a? = o^, y is the logarithm of w to the base a, 
and is denoted thus, y=loga?, or y = \w. 

80. If y = log a?, a the base, and A as before ; 

Since y = log a?, a? = o^, and hence if y were the inde- 

doD 
pendent variable, —=^Aa^=Aa}, Hence by Art. 45, 

rfy^ _L 
dx AcG 
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81. If there be two expansions of the same function 
of Xy according to powers of x : namely, 

iVr+ Pj7 + Qar* + Ri^ + &c., 

and n + 'px + qx^ + ra? + &c., 

then N ^n^ -P = 1>> Q = 9> JJ = r, &c. 

For since the two series are expansions of the same func- 
tion, they are equal for all values of x. Therefore their 
limits when x vanishes are equal ; that is, N—n. 

But taking away the equals N, n the remainders are 
equal. Dividing these by x^ they become 

P + Q^i? + JRa?* + &c., 

p + go? + ra?* + &c., 

which are equal for all values of x. 

Therefore the limits are equal as before, or P^p, 

Similarly taking away P and p, we prove Q and q equal ; 
and so on. 

82. To expand a* according to powers of x. 
' Let a'^N + Px + Qaf" + Rx^ + &c. 

Hence (Art. 78.) A<f^P+^Q,x + SRa^ + &c. 
But Ja" = AN-\- APx + AQx" + &c. 

Hence (Art. 81.) P^AN, ^Q^ AP ^ A'N, Q=— ; 

SR=AQ=- , i? = ; 

2 2.3 

and so on. Also making «r = 0, iV=a°= 1. 

Ax J? or J?o^ 

Hence «* = 1 + — + + + &c. 

1 1.2 1.2.3 
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83. Let e be the valuie of a, for which -4=1: then 

e* = 1 + - + + + &c. ; and inakinfir a? = 1, 

1 1.2 1.2.3 ® 

e = 1 + 1 + + + &c. = 2.71828, &c. 

1.2 1.2.3 

But putting — for ob in the expansion of a*, we have 



a^ = 1 -f 1 + + + &c. 

1 .2 1 .2.3 

\^ 
Hence e = a"*, e^ = a. 

Hence (Art. 79) A is the logarithm of a to base e. 

The logarithms to base e are called natural logarithms 
(formerly hyperbolic^ or Napierian logarithms). 

The natural logarithm of x may be denoted thus, la?, 
the logarithm to any base a being denoted thus, log<r. Thus. 
A^\a. 

84. The function log a? cannot be expanded according 
to powers of a?, with finite coefficients. 

For if posible, let log x = N -^ Pw -{- Qaf^ + &c. 

And since this must be true for all values of a?, let a? = 0. 
I'herefore log = JV : therefore a^ = ; which is only possible 
by supposing N to be an infinite negative quantity. Therefore 
the function cannot be expanded in this form. 

85. To expand log (l + a?) according to powers of w. 
Let log (l + <r) = iV + Pa? -f Qaf^ + iRa?* -f &c. 

Differentiating (Art. 80.) -— = P + 2 Qa? + 3 J? j?*+ &c. 

Ayl •\- CD) 

_ 1 I w a^ 

But = - - -^ + - - &c. 

A(l ^w) A A A 



THE DIFFERENTIAL CALCULUS. 141 



Hence i> = ^^ ^« = " 2 ' « = "il^ 

Also in the original equation, making ^ = 0, log 1 = N. 
Whence 1 = a^, which is only true if iV ■= 0. 

Hence log (l + a?) = -- f + &c.> 

If 1 represent the natural logarithms, since for these 
il = 1, 

1 (1 + a?) = 4- &c. 

86. (M aclaukin's Theorem.) If y be any function 
of Wy and if 

dy e?y d?y 
dw^ diV^^ dar^^ 

become F, Fi, Fg, F3, &c. by making a?=0; then 

+ — a? + or + (XT - &c. 

1 1.2 1.2.3 

For let y = iVT + Pa? + Qa?^ + iJa?^ + &c. ; 

whence -^ = P + 2 Qa? + 3 Roo^ + &c. 
dw 

d^V 

— ^= 1.2Q + 2.3J?a? + &c. 

dor 

-- = 1 . 2 . 3 fl + &c. 
aar 



142 



THE DIFFERENTIAL CALCULUS. 



And making a? = 0, in each of these equations 

Y =N, 

&c. ; 
whence the proposition is manifest. 

87. For example, to expand sin a?, 

d.sina? cT^sin.i? . cPsino? #sinar 

— =cosa?; - o =-sma?, — — r- = -cosa?, — ----=sinti?, 

doff dor da^ da?* 

cT sin ^ 

. ^ =cos J?; and so on ; whence, making <r = 0. 

r=0, Fi=l, F2 = 0, F8=-l, F4=0, Fs^l; and so on. 
And by the last Article, 

sin w = SB + &c. 

1.2.3 1.2.S.4.5 

88. In like manner we should find 

cos 07 = 1 + &c. 

1.2 1.2.3. 4 

89. If in Article 83, we put ^r-y/^ for 4?, we have 

1.2 1.2.3 1.2.3.4 1.2.3.4.5 * 

= COS 07 4- a/- 1 sin 07, by the last two articles. 
In the same manner c-*vn^ cos o? - y/^ sin <r. 

90. Hence if «f=coso7+v^-l sina?, - = coso7 - \/ir7sino? 
and ^ + - = 2 cos 07, «-- «2 \/^ sin w. 
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91. In the same manner, 

g±mxvri «. cos mx ±^v - 1 sin iwmT. 
Hence z being as before, z^ = cos mx + y/ —I sin wicx?, 

1 / — . 1 

—- = cos mw - V - 1 sm mw. i^"* -f — = 2 cos mo?. 

92. To resolve, s^*" - Sps?"* + l into quadratic divisors, 
p being less than 1. 

Let ^=:cosd; and let ijf*"' - 2cos0.sf~+ 1=0; therefore 
^'^ + -- =2cos0. Hence if cos d - cos m.v, % is the same 

quantity as in Articles 90, 91 : wherefore i^ + - = 2 cos *r, 

»^ - 2 cos a? . «r + 1 = 0. And since the quadratic factor 
s? — 2 cos a? . » + 1 vanishes for the same value of « as 
^2« _ 2p«r'" + 1, the former is a divisor of the latter*. And 
this is the case if cosmtr = cos0. 

Since 



cos = cos 2 TT - = cos 2 TT + = cos 4 TT - = cos 4 TT + 0, &C. 

X has various values. We shall have cos mw = cos 0, if 
mw a= 2w7r ± 0, n being any whole number ; 

2n7r±0 



whence x • 



m 



The two different signs +, -, give no different values 
of cos a?; but the different values of w, namely 0, 1, 2, as far 
as m - 1, give as many different values of cos a?, after which 
the values recur. 

• Let jQr»-2cosa7. jer + 1 divide j8r«»-2jo«* + l, with a quotient Q and a 
remainder iJ, which will be of the form aar+6, as is easily seen. Then 
«*■ - 2p«* + 1 = <? («« - 2 cos a? . « + 1) + /I. 

Put for X the value which makes both the trinomials vanish, and wc have 
= + /I; whence /lisO, and the quadratic factor divides «*"--2p«*+l without 
a remainder. 
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For example, if n = m + 1, 
2m + 1 ir^d 



cos (T = cos 



m 



( 27r±0\ 27r±0 

= cos Stt + = cos ; 

\ m J n 



which is the same value as when n = 1 : and similarly for 
other values. 

93. Example. To find the quadratic factors of 

^ - «3 + 1. 

In this case cos = ^ j — — <, the values of a? are — , 

— , ; and the quadratic factors are 

9 9 ^ 

TT 2 TT 47r 

«* - 2 COS — . 3? 4- 1, «^ + 2 cos — .« + l, «f^ + 2cos — .«+l. 
9 9 9 

94. To resolve iif" — 1 into quadratic factors. Squaring 
the expression, it becomes ar^ - 2«"* + 1, which has the same 
quadratic factors as the given expression, each recurring twice 
over. But the quadratic factors of i??^'" - 2«r'" + 1 may be 
found by Art. 92 ; being here = ; since cos 0=1. Hence 

the values of x are 0, — , — , and so on. And the quad- 
m m 

ratic factory are included in the formula 

2W9r 

sr - 2 cos ,z + 1. 

m 

If m be even, n may have all values from to — inclusive. 

This gives two factors, «* - 2sf - 1, and «^ + 2« + 1 ; or 
{% - 1)* and {z + 1)* ; but in these, « - 1 and » + 1 only are 
factors of ijf"* - 1 ; and «r* - 1 is the quadratic factor which 
contains these two. 

m — 1 
If m be odd, n may have all values from to 

inclusive. In this case the first and last quadratic expressions 
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are iK* - 2» + l, and «* - 2 cos -r . a? + 1 ; or (ar - 1)% 

rn 

and «* + 2co8— .af + 1. Of these «-! occurs only as a 

simple factor. 

95. Examples* To find th^ quadratic factors of j^ -* 1. 
The quadratic factors are iJf* - 1, )8f* - « + 1, «* + i» + L 

For the values of cos w are cos -— and cos -— , or dos — 

6 6 3 

and cos — ; which are - and — . 
3 2 2 

To find the quadratic factors of ly^ - 1. 

The quadratic factors aie 

«r-l, «r-2cos- — .«+!, «* + 2cos- .« + 1. 
. 5 5 

For cos — « - cos — . 
5 5 

96. In nearly the same manner we may shew that the 
general formula for the quadratic sectors of «^ + 19 is 

. ^ 2w + 1 ^ 

JT - 2 cos . « + 1 ; 

m 

tifb 

When m is even, » being taken from to — inclusive^ 

give& two superabundant simple factors. 

m-^ 1 
And when m is odd, n being taken from to in- 
clusive, gives one superabundant simple factor. 

97- (Tayloe^s Theoeem.) If y be any function of ^ 
and if w become a-\-h, y becomes 

dy A cPy h^ d?y h\ 
^"^d^T'*'d^*r72^d«^'l.2.S 
K 
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Let /t + A « x\ and when w becomes a?' let y become y. 
Then by Art. ^^^ since y' is a function of A, 

j,'=r+r,A+n^+F3^-h&c. 

, dv' d^V dW 
Where F, F,, Y,, Y,, &c. are what y» rf|r> "^1^' 7^' 

&c. become by making h^O. Hence Y=y. 

But since h only is supposed to vary in a? + A or af\ it 

is evident that — , is the same with -7-7. And since y is 
aA doff 

the same function of w that y is of <r, — ^ is the same 

die 

function of a?' or a? + A, that — - is of 4?. Hence -^, when 

dx dor 

dy 
h is 0, (that is, F,), is the same function of a which — ^ 

dor 

dy 
is of a? : that is, Fj = —- . 
dw 

By exactly the same reasoning it would appear that 

Y2 = -i-o 5 ^s = -ni > &c. Whence 
da? d/ir 

dy ^ ^y W d»y A' 

^^^■^d^-^-*-d^''r:i^d.3-n^3 + &c. 

98. In the same manner if x become « - A, and y be- 
come y^, 

dy ^ d^y A« d^y h? 

y, = y - -—- . A + nr^ . v^, . + &c. 

^' ^ dx da^ 1.9, da? 1.2.3 

99. If we have a series proceeding according to integral 
positive powers of A, the coefficients of all the terms being 
always finite; any term may be made greater than all those 
that follow by diminishing A. 
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Let NK" + PA»+^ + QA«+2 + flA"+' + &c. be any part of 

a series: and let S be the greatest of all the coefficient! 

P, Q, R, &c. Therefore P j^ Qh -^ RK" + &c. is less than 

e 

S '\' Sh-^- Shr + &c. : that is, less than . 

1 — A 

Now NA" will be greater than all the terms which follow, 

namely, PA«+^ + Q^"+^ + i?^"+^ + &c. if N be greater than 

Ph+Qh^+Rh^+kc; and still more, if N be greater than 

Sh 
Sh + Sh^ + Sh^ + &c. ; that is, greater than ~ . 

Therefore JVA" will be greater than all the following 
terms : 

if N be greater than -, 

1 — A 

if J\r - Nh be greater than Shy 

N 



if h be less than 



N+S' 



100. If y be a function of Wy and if w have such a value 

that --- = 0, the function v is a maximum or minimum ac- 
dof 

cording as — -~ is negative or positive. 
dor 

dy 
Let Wy y, be the values for which -— ■■ 0, and let w ^h. 

duo 

Of + h be two other values, preceding and succeeding w, 

dy 
Then by Taylor's Theorem (Arts. 97, 98.), since 3- = 0, 

dtV 

^' ^ da^ 1.2 da^ I.2.S 

« » V + — ^ . 1- — - . + &c. 

^ ^ d»« 1.2^ dar' 1.2.3 

I2 
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And by assuming h sufficiently snudl, the term involving 
If in each of these series may be made greater than the sum 

JPy 

of all which follow. Hence if -— be positive, both y^, and %/ 



(for ^ - A, ^ + A, and all intermediate values) will be greater 

d?y 
than y ; that is, y will be a mmimum. And if --— be nega- 

dw 

tive, both y^, and y\ and all intermediate values, will be less 
than y, and y will be a maximum. 

101. If y be a function of a?, and if the value of w which 

makes ~- = 0, makes also — -^ » 0, y is neither a maximum 
dx dw 

dPy 
nor a minimum ; except this value make also —-z « 0, in which 

dor 

, . d^y 

case y is a maximum or mmimum as -— is negative or posi- 
tive. 

df/ d^y 
For since 3-, :73 are both 0; by Arts. 97, 98, 
ax aar 

d?y h^ 

dap 1.2.3 
of which, when h is very small, one is greater and one less 

^y 

than y, whether —3 be positive or negative. 
dar 





«--s- 


'0 also, 




y, 


d*y 


.2.3.4 


&c. 


y 




.2.8.4-*- 


&c. 



THE DIFF£BEXTIAL CALCULUS. 149 

which, when h is very small, are both greater than y when 

^y • • ^y 

—— is positive, and both less than y when — ^ is negative. 

dar dar 

And in like manner it may be shewn generally, that if 
several of the successive differential coefficients, beginning, with 
the first, vanish ; if the first which does not vanish be an odd 
one (as the third, fifth, &c.) the function will be neither a 
maximum nor a minimum. But if the first differential co- 
efficient which does not vanish be an even one, the function 
will be a maximum if this coefficient is a negative quantity, 
and a minimum if it is a positive quantity. 

102. At any point of a curve, the first and second differ- 
ential coefficients have the same value in the curve, and in the 
circle of curvature. 

dy 
In the diagram, p. Il6, if MN^h, O^ will be -^ A, 

both in the circle and in the curve. 

Also, by Taylor's Theorem, 

+ &C. 



jyrQ= 


dy 


h + 


^y h* 

daf'l.i 


^y 
dc^ 


1.8. 


3 


and JV^^ = 


dy 


.A, 










lence Q.R = 


d*y 


1.2 


d»y 
da^'l. 


.8.3 


&c. 





But the circle of curvature ultimately coincides with the 
circle which touches PR and passes through Q. Hence the 
subtense of the circle of curvature at the point R is ulti- 
mately equal to QR. But if y be the ordinate of the circle 
corresponding to the abscissa zi7-(-A, the subtense will be, by 
the same reasoning as above, 

d^y A« d^y h^ 



da^' 1 .2 dof^' 1.2.3 



-&c. 
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Hence these two series are equal; whence 

— ^+ — ^.-+ &c. = — ^ + — .- + &c. 
da^ daP 3 do^ da? 3 

And as this is true whatever be A, we must have 

fy ^^ 
da? da? 

103. The curve is convex or concave to the axis, as -— r 

dor 

is positive or negative. 

For if the curve be convex, R is above Q, and J2Q is 
positive, that is, 

cPy h^ fy y 
d^'TT2 "^ da^'l.2.3 

is positive. And since this is true however small be A, —^ 

is positive. And in like manner if the curve be concave to 

the axis, — -r is negative. 
dor 

104. Hence at a point of contrary flexure, — -- « ; as 

dor 

has been proved already. 



3 

+ &c. 
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THE RULES OF INTEGRATION. 

dy 

1. If y, Pf be functions of a?, such that 3— — i>> y i» 

dw 

the Integral of p, 

2. This relation is denoted thus; 

y^f^Py or y « fpda:, 

3. The Integral Calculi^ is a system of rules and pro- 
cesses, the object of which is to find the integrals of any 
functions. 

4. The fundamental rules of integration are derived 
from the rules of differentiation. 

af^+^ dy 

If y ^ '5 we have -— = «?*; 

m + 1 dof 

therefore ^«2?*" = . 

m + 1 

5. If y = — , ^ (a + baf^y*^ ; --? « (a + ^O" ^'""' ^ 

tw . w + 1 6 »^ 

therefore /,(« + bw^y oT'^ = — ^ (a + 6a?~)'»+\ 

f».ra + 1 & 

fi Ti? dy . 

o. If y = - cos iT, -— = sin «r ; 

therefore ^ sin ^ = - cos .r. 
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therefore f —=== k sin'^^r. 



a If y«tan-^^, g^j^; 



co8~^ar^ 



therefore / 1* tan""* or. 



9. If y«U, T^'' ; 
ax w 



therefore / == 1 ^. 

JgW 

10. If y-i^.a', ~^-a'; 

la aw 

therefore La' ^ ^^— a*. 
•^ la 

11. If y « cp, when p n any function of w^ 

dy dp 
dtV dw 

therefore f c-r- "^c / -r- . 
Js dw Jg dw 

12. If y = p + c, when p is any function of zp, 

i2^ dx^ 
dp 



therefore 1 T-^p^-c^ 
J,dx 
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The quantity c is the correction of the integral, or the 
arbitrary constant; it is to be determined in each case from 
the circumstances of the problem. 

13. Examples : 

/ ^x *s , by Art. 4. 

/I 
-— s 2 'v/zp, by Art. 4. 

fwy/l + a^^-il +47% by Art. 5. 

14. I{ p be any function of a?, it may be proved in 
like manner that 

''^ dx m + 1 

/, (a + bp-yp-'^ ^ =L=- (a + 6p«)-+^ 

o^ m.n + lb 

r . dp 

f ^ dp ' ^x r ^ dp . 

Jr I dp 
f -- =!tan">. 
, 1 + p* do? ^ 






^p do? 

f f>dp 1 



164 the integral calculus. 

16. Examples : 

/• 1 . Stt 1 27r 

/ -- sin — = — cos — . 

JgUr X 27r x 

f J = i sin"' w*. 

/"— ^ = itan-'ar». 

jf^.i(,^«). 

•'' 2lo 

16. In some cases a transformation is requisite. 

/■ .J. //_!_, J_} 

J, o* - JT 2 a •/, (a - 07 a + a? j 



c-1 J-rJJ L_l 

JgC? ^ c? 2a ^, |o? ■- o ti? + aj 



— n(a7- a) -1(07 + a)} « — J . 



J^a^ + a^ a\ a^ a a a' 
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r 1 r ^/W ^- ^^) + ^ 



■I 



1 + 






1 r a/C^ - a^) + 0? 



^.\/(!^'a^) Js 






-1 



1 + 






- = sm ^ - . 



17. To find r^^-^ . 

Let «r + a = sf, 2aa? + /i?^ = ^ - a^, ■;— = 1, 

and r ^ ^ r ^ rf£ 

•>',V^(2aa7+V) Js^/(%^ -a^) da; 

= 1 {sf + \/(^ - «0 } > l^y last Article, 
In like manner we may find 

becomes /" 7— — -- -— = cos"* - . 

•'x V (a — x') aw a 



IBS 
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_- . X ^ a ^ w t f ^\ •■• » 

But cos"' - = cos"^ « cos"* 1 — . and since the 

a a \ a/ 



cosine IS 1 — the versed sine is - • 
a a 



- =af 



18. To find f .} , . 

becomes / 7- -— = - cos"* » = - cos"* - 



19. To find f—r, ?^ . 

•/•/y/(l + 2ma? + a7^ 

Let Of + ms: %^ 1 + 2m<» + a;* = «f* + 1 - w*.. 

/I /• 1 rf«f 

.^(l + 2ma? + a?2) "^ ./, v^(^ + 1 - m*) d^ 

*= 1 {«f + v/(«f^ + 1 -wi*)} « J {a? + w + y/(l + 2»»a? + ^1-. 
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In nearly the same manner may be found 

f ' 

a, bp c, being positive or negative. 
20. To find f 77 \ -jt . 

f ^ _ f ^ i. 

JgW^{a^bw-{'Ca^) I . /f\^ b c\ ' ^* 

^' V W a« a) 

Let - + — = « : 
w 2a 

. 1 dx 1 b c , V c 
then - = -— : -+ — + - = ;^-^+-. 
or aw or ax a ^a a 

Hence the integral becomes 

1 dsa 



I. 



which may be found by Art. 16. 

INTEGRATION OF RATIONAL ALGEBRAICAL FRACTIONS. 

21* By ratiotial algebraical fractions are meant those 
in which the numerators and denominators consist of integral 
powers of the independent variable. They are integrated 
by resolving them into partial fractions, according to the 
factors of the denominator. 

22. Let the factors of the denominator be all unequal. 

\ 
\i u osi • to find f u. 
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Resolve u into partial fractions as follows: 

T . ^ B C 

Let u = + + 



00 — a w —h w --c 
Hence 

1 =^(a? -6) (a?-c) + jB(a?-a)(a?-c) + C(<r-a)(a?-6). 

Put a for <» : therefore 1 « J (a — 6) (o — c). 

1 



Hence A ^ 



(a - 6) (a - c) ' 



simiary ^ -(^.^^^j^^)' ^ (a-c)(6-c) 
f^u ^ A\{x ^ a) + B\{w ^ h) ^ Cl(a?-c). 
23. Let m factors of the denominator be equal. 
If w=- r-7 IT, to find Lu. 



(a? -a)"* (a?-a)"*-i (a?-a)"-^ •^^-5' 

1= |J + ^i(a?-.o) + ^2(a?-a)' + &c.} (af-6) + jB (a?-a)~. 
Differentiating 

= { Ji + 2^2 (a? - a) + &c.} (w -b) + {A + Ai(w - a) 
+ ^2 (^ - «)^ +"&c.} H- mJB (a? - a)""^ 
Differentiating again 

= { 1 . 2^2 + &c.} (a? - 6) + 2 {Ai + 2^2 (ar - o) + &c.} 

+ w . (m - 1) JB (a? - a)**-*, 
and so on. 

Make ^ = a in each of these equations; and we find 
1 «= J (a - 6), 
^ Aiia-b) -{• Ay 
= 1.2^2 (a -6) + 2^1, 
&c. = &c. 
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Hence A « 


1 


; A 


A 


1 




a -i 


a ~b (a 


-by 


♦ 






A 


A 1 








a-b (a - 


6)3' 




so on. 












And fgU « 


A 
m - 




1 A, 




I 


1 (ai 


- o)"-^ m - 2 


(0.- 


a)— 




A, 




^ Krr J- fl 


'!(*• 


-6). 




m -S 


iw- 
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24. Let the denominator have two imaginary simple 
factors. 

If w«7-i ^r-p 775 to find f,u. 

Aa '\- Ai B 
Let u =— ^ + -, 

\^{Ax + JO Of - 6) + JB(a;* + a*), 
1 « J^ + (J6 - J,) or - Ji6 + J? («• + a»). 
Let 0?* + a^ te 0, whence 4P ■= <* v - 1, 
1 - Ja« + {Ah - Ji) a\/"^ - A^h. 
Hence, equating impossible and possible points, 
0^ Ah- Aij 
l^ AaJ'-A^h. 

1 ^ 

Hence 1 « Ja2-J6*; A^— — -, A^ 



Also JB = - 



1 



a^-ft^ 



1 ( x^h 1 \ 
Hence w = -r — - -^ 1. r], 
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a -^ o [a a w ^b J 

25. Let the denominator have several imaginary simple 
factors. 

If u^-j- — -— , to find Lu. 

To resolve -z into partial fractions. 

Let p s cos d, and <p « , where n is any whole 

number ; then a?^ - 2 cos . a? + 1 is a divisor of aF^-^paf^-^ 1. 

Let 0?*" - 2p^ + 1 « Q (or* - ^ cos . a? + 1) ; and let 

a?*^ A{ai'- cos (f>) -^ B P 

01^"* ^ 2paf^ + 1 a^ - 2cos(l).w + l Q' 

Hence of « |-4 (a? -cos0) + jB}Q+ P|a?^- 2cos0.^ + l}. 

Let a?*-2 cos ^.ar + 1 ^0, whence ^:scos (f) + \/ - i sin ; 
call this 0?'. And let Q' be the value of Q which arises from 
putting a/ for a?. 

Then (A ^/*^ sin + 5) Q' = af\ 
But Q (a?^ - 2 cos . 0? + 1) « ^"» - 2pw^ + 1. 
DiiFerentiate 

Q (2a?-2 cos 0) +^ (a?8-.2 cos 0.«i^+l)«2fll^«-^-2i»pa?****. 

Put o!^ for ^; and we have 

Q' (2^' - 2 cos 0) « 2wa?'^"- * - 2mjpa?''"-*, 

V ■« WliT ™ * — ; -• 

0? ^ COS <p 
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But 0?'* - jE> = v^ - 1 \/i -|i% <»' - COS «- v/ - 1 sin ^, 



Q' =a mo?' 



^ 



sin 



Hence (J \/^ sin + JB) ma/"^'^ — . — ^ = a/% 
^ 8in0 

J sin d) ... 

A -/^ sin + B = -2- x' -"'+^+\ 



But (Book V. Art. 90 
^' -"+r+i„^' -(«,-r-i)^ g^g ^^ _ y_lj f^^y/Zl sin (m-r-1) 0. 

Substituting this and equating possible and impossible 
parts, 

sin(m-r-l)0 8in0 . cos (fw-r-l)0 

# -^ 1 , • V -B , of-cosd} ^ 

r,w=— I (jr~2co8 0.j?+l)+-; tan"^ — : ^ + &c. ; 

•' 2 ^ ^ "^ sin0 sin0 

or ^w=^I/y/(a?*-2cos0.a?+l) 

iB , \/(^*-2cos d) .<r+l) ^ 

+ -; sec-^ -^^-^ r— 7^- ' + &c. 

sin sm 

and there will be similar terms for each of the different values 

of (f>. 



26. 



Let u = 7— ; — , to find f^u. 

(a?'"-l)a?' -^ 



Let ip « , then o?^ — 2 cos ^ . a? + 1 is a factor of a?*" - 1. 



m 



Hence let (a7*-2 cos . /» + 1) Q « (a?~ - l) a?^ = j?'"^'' - cT% 

L 
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,- A{a-cosd>) + B P . , . 

and let u « — r f-^ + — ; whence reducinir 

a;*-2cos0.<27+ 1 Q ^ 

1 = J^(a?-cos^) + S}QH-P(a?*-2co80.a? + l). 

For 0? put w' = cos + \/- 1 sin 0, and let Q' be what 
Q becomes by this substitution : hence 

1 = {A s/^\ sin + iB} Q'. 

To find Q', differentiate the original assumption in Q^ 
and we have 

dQ — ^ 

2 (a? - cos 0) Q + (a?* -r 2 cos d) . a? + 1) — — = m + r a?'*+'"^ - rsf^^. 

ax 

For a; put w\ and we have 

2 \/^sin . Q' = wTra7'«+'-*- ra?"-S 
or 2 V - 1 sin . Q' = m + r cos w H- r - 1 - r cos r - 1 



+ v-^ (i» + r sin m+r-1 0- r sin r -1 0). 
But by what precedes, 

2vCn[sin0= (JV^sin0 + JB)2>\/^sin0.Q'; 
whence 
2\/^sin0= J v^ sin 0(m + r cos m + r- 10- cosr -10) 



- -4 sin (m + r sin m + r - 1 - r sin r - 1 0) 



■\-B{m '\- r cos m+r— 10— r cos r — 1 0) 



+ iB\/-l(mH-rsiniw + r-'10-rsinr-l 0). 
Equating possible parts, we find 



iB = -4 sin 



m + rsinm + r-10 — rsinr-10 
m +rcosw + r-10-r cos r - 1 . 



THE INTEGRAL CALCULUS. 163 

Substituting and equating impossible parts, we find 
2 sin = -4 sin {m + r cos w + r — 1 — rcosr-10 

(w + r sin w + r - 1 - r sin r - 1 (j>y\ 
m +rcosf» + r- 1 0- r sinr - 10 j 

- 2 mr + r cos m(p + r* 



+ 



= J sin 



m + r cos m + r-10-rsinr-10 

But cos fi»0 = cos 2 nTT s i ; hence the numerator of the 
fraction is m^; 



and A = —-(m + r cos m + r - I d> - r cosr - 1 0), 
m 



^ 2 sin d) , . — . . 

jff = ^ (w + r8ini» + r-10-r8inr-l 0). 

Whence /,w may be found as in last Article. 

REPUCTION OF BINOMIAL INTEGRALS. 

The integrals here spoken of are of the form 
/.(o + fe^y'/T--^ 
They are found by reducing the indices m and p, 

27. To find/,(a« + a;«)i^^. 
Assume 

^^ = (a' + of^Sai^ + (o« + wy (n - 1) ^-« 

= (a«+^*3a;"+aV+^)*(^-l)^"*+(o*+^)*(w-lK 
= (w + 2) (a« + a^^Ja?" + (w - 1) a«(a« + a^J^p*-«. 

Integrating, 

P«-i = (n + 2) C7„ + (n - 1) a' C7,.„ 

1 fn - 1) a* 

n + 2 w + 2 . 

L2 
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Hence putting values for n^ 
1 6a^ 

1 4a* 

7 7 

1 2a* 

'9 9.7 9.7.5 9.7.5 

Also 

Ui -/. (a* + ^*)»^ - i («* + ^)*- 

Hence 

ovi f^ 6a' ^* 6.4oW 6. 4.2aM 

28. To find /,(»*- a»)T. 
Let t^,=/,(**-«^)'. Assume P, = («*-o»)"/r. 

aii7 

= (2n + 1) (a?» - a>)" + 2ntf« (ar" - a*)"''- 

Integrating, 

P. = (2n + 1) f7« + 2»o^ f7«.i. 

Hence 

1 _ 2na^ ^^ 
" 2n+ 1 27^ + 1 
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Therefore 

1 a* 

Hence 

9.7.6.Sffl» ^ 9.7.5.80" ^ 



10.8.6.4.2 * 10.8.6.4.2 '" 
But 

Hence the integral is known. 

29. To find (- -— — . Suppose this = t7^ 

^» (1 + arjTar 

Assume P„«i 



(1 + ^)"'-* 0? 



Hence ^-^-. L__ . l(!!!L=i) 

1 2(n>-l)(l-Ha?*-l) 

" "■(l+a;*)"->a7^ (1 +a;*)"'V 

(2m - 1) 2m -2 
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Integrating, P„.i = - (2w - 1) f7«_i + (2^» - 2) U^ 

1 ^ 2m - 1 „ 

2W-2 "^ 2w-2 " * 

We may by this formula reduce the integral to 77i. 



1 
tan "* w : 



Whence tL is found. 



Assume -r«_i=-^^^ ; — -> 

dPm^i _ S (m ^ 1) y/Q + ^) 



20?**-^ V^(l + a?') or y^(l + a?«) a^^-^ ^(1 4 a;^^ 
w - 1 2m - 5 

Integrating, P,_i = - (i» - 1) t/, — U„_i ; 
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1 15 

Hence, f7,o = - - ^i» - — ^7 ; 
y 10 

6 12 

3 

' 77 57* 

31. The rule for the assumption in such cases as those 
of the four preceding articles may be thus stated. 

To reduce the integral /^(a •\-ba^ya^~K 

Assume P= (a + 6a?*y+*d?* in all cases; except 

(1) If m is to be reduced down^ assume 

P«_„ = (a + 6^y+* a?"— . 

(2) If p is to be reduced downy assume 

The index is reduced down^ when being positive it is 
diminished or being negative it is increased. It is reduced 
up in the contrary cases, as n in Arts. 27 and 28. 

32. Such integrals may also be found by substitutions 
which make them rational. 

/I 
— 37; — . Assume v^ (1 + aP) = x. 

Hence, ^ = ir - 1, - = . --- 

w fr -- 1 da 

Jr 3 r ^ ^^ 
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But -^.i/-l--^f±i_+_±_l; 
Z'-I 6(«-l iB»+«+liB» + J!f+lj' 

whence, / — . -— 



Assume "^-^ « ». 

X 

1 3«* dx 

Hence, l+a^^JK^ii;^, a?' =3 — -, ^^'-Tii — TTi. • 3-5 

ar - 1 (jjr - 1)* dor 

which is rational, and may be reduced by preceding articles. 

EXAMPLES OF INTEGRALS. 

34* To find the area of a parabola in which y*"*" « a" ^, 

area= ty = /,rt"^^*^*^^ = a*"+^a7 «• + • ^ ^ 

- m + 2w 
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And if when ,» «= 0, area =0, C = ; 

area s= a"*"''".z' "*■*"" = yx, 

35. To find the area of a half segment of a circle, 
area = - J,y « - ^ ^(a* - ^), 
X being measured from the centre. 

a^ — a^ a* 



= v'(«'-**) + 



dP "* 

Hence v^(a* - j?^) = i • -7- + 



da? 2 v^(a* - a^) 

8 -« 

- jC\/(«* - «i?0 = - i . P + - cos-* - + C 

»= - i * ^ ^/(a^ - a?*) + —cos * - -i- C 

And the area of the segment is when w^ a. 
Hence = C ; 

area = — cos"* — . 

2 a 2 

36. To find the solid content of a segment of a sphere, 
solid contents -/ir7ry^=- ^^(a*-^) = -tt fa** a? j + C; 

and when a? =» a, the content « 0. Hence C = , 
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solid content = - [2a^ - Sa^w + a^} . 

37* To find the length of the arc of the semi-cubical 
parabola. 

Here y^ = aai^, y = ai^^, -— = - • "i ? 

aw 3 <rs 

suppose arc = ^y^jl + (g)] = ^V (l + ^*) 

= fg.\/(wi + - at) ^-4. 

This may be integrated as in Article 5, and gives 

4 
arc = (a?t + - of )f + C. 
9 

And if the' arc begins when a? = 0, 

arc = (w^ + - oi)f . 

9 ^ 27 

38. To find the surface of the common parabolic conoid. 

o / — dy v^a 

f = 4>aw, y^%^/aw^ -- = Jl^, 

surface = ^27ry>^|l + f— j > = ^47r\/aa7 yy/f 1 + - j 

= 47r \/a j!^ \/(a7 + o) = {po + a)l + C 

And if the surface begins when ^ = 0, 
surface = {(^ + ^)* - ^*}« 

39. When a body falls to a centre of force varying 
inversely as the square of the distance, to find the velocity 
and time. 



THE INTEGRAL XALCULU8. l?!^ 



By B. V. Art. 71, - » -^ =/; and /= ^ , 

ax or 



dv JUL V^ IX 

dw w^* 2 w 



It h be the original distance fallen from, tj = 0, when a? = A. 

v^ fjL u. - (1 1 J / — /h-x 

2 w h [w h) ^ hw 

__ , . dt 1 1 y/hw 

For the time, -- ^ — = ;= . ^ 



dw V y/^ix \/{h - w) 
/ h as 

. a? ^A-o? ^A 

lo integrate, " ^(A.r-.a;«) " v'C*^ "^0 ^ ^/{has^^) 

\h-^ \h 

A 
And since the time begins when a? = A, C = - . tt, 

ttAs 
When ^ is the arc is cos"* - 1, or tt, and t = — 7= . 

2V2/UI 

40. At the distance w from the centre of force 



^^'^'^{M-}- 



But if a body revolve about the centre of force at the distance 
Wy with a velocity w. 
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cf 9, Of 
And these are equal if 

2m(- - r) = -; or if A = 2a?; 

that is, a body must fall from a distance equal to twice the 
radius, in order to acquire the velocity in the circle. 

41. In the ellipse, the velocity is equal to that acquired 
by fallhig with the force at P through J the chord of curva^ 
ture. The chord of curvature is (see the diagrams in 
B. III. and iv.) 

^Ciy 2SP.HP 2a?(2o-a?) 
AC ^ AC * a ' 

TT , . , 2/4 ^(2o-a?) /I 1 \ 

Hence velocity* «— ^r . . « 2/* I I; 

and this will be equal to v^, the velocity acquired by falling, 
if A » 2a. 

Therefore a body falling from a distance equal to the 
major axis of the ellipse, acquires, on reaching the curve, 
the velocity of a body in the curve. 



THE END. 
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